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ABSTRACT
Advances in both structural analysis and (meta-)material engineering has allowed pre-viously uncharted (and often highly nonlinear) areas of the response space of elasticstructures to be systematically explored. In efforts to maximise or even achieve a step
change in performance, engineers and researchers voyage deeper into these uncharted nonlinear
regimes. With a diverse catalogue of nonlinear behaviours and design freedoms, nonlinear cylin-
drical lattices have already been identified as an excellent candidate for elastic tailoring. This
thesis expands the design space and response portfolio of these structures through exploiting
increased geometric complexity.
Herein, geometric complexity is investigated in two complementary streams. Firstly, hierar-
chical assemblies of cylindrical lattices are explored and shown to exhibit a richness in response
not available for single lattices in isolation. In addition, a step change in the tailorability of the
response space is demonstrated, where, the energy of the lattice system is shown to approxi-
mate any polynomial energy, and thus, by Weierstrass approximation theorem, any continuous
function.
Secondly, non-cylindrical lattice geometries are investigated. The added complexity warrants a
modelling framework capable of describing spatially variable geometry, stiffness and pre-strain. A
constitutive model is developed to describe laminated material architectures for one-dimensional
continua, and subsequently employed in a finite element scheme to describe the mechanics of
such lattices. The additional capability of the framework is showcased by investigating spatially
variable pre-strain, where, it is demonstrated that the additional design freedoms allow for both
geometric and elastic tailoring. A variety of geometrically variable lattice geometries are shown
to exhibit exploitable response behaviours including snap-through and bi-stability.
Accordingly, this thesis reflects a burgeoning paradigm shift towards nonlinear elastic tai-
loring where enhanced functionality is achieved through subjugation of nonlinear phenomena
previously deemed detrimental for structural performance; nonlinear elasticity is treated as a
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Advances in both structural analysis and (meta-)material engineering has allowed pre-viously uncharted (and often highly nonlinear) areas of the response space of elasticstructures to be systematically explored. In efforts to maximise or even achieve a step
change in performance, engineers and researchers aspire towards a philosophy of multifunction-
ality; where individual components are designed to perform the functions previously requiring
many. In the quest for multifunctional design, engineers voyage deeper into these uncharted
nonlinear regimes, behaviour historically perceived as undesirable.
Section 1.1 introduces the concept of achieving multifunctionality through lightweight shape
adaptation; the ability of lightweight structures to exhibit large repeatable configuration change.
When transitioning between configurations, these highly slender structures undergo large non-
linear elastic deformations. Subsequently, Section 1.2 presents the realm of nonlinear elasticity,
where, a selection of exploitable robust nonlinear phenomena are highlighted to demonstrate
their suitability for driving shape adaptation.
In short, this opening chapter reflects a burgeoning paradigm shift towards nonlinear elastic
tailoring where enhanced functionality is achieved through subjugation of nonlinear phenomena
previously deemed detrimental for structural performance; nonlinear elasticity is treated as
a valuable design tool to be exploited rather than avoided. Having established the landscape
of achieving lightweight shape adaptation through elastic instability, the need for structural
topologies capable of both geometric and elastic tailoring is surmised. A foreword on the motiva-
tion for the chosen technical direction is presented in Section 1.3. Highlighting the otherwise
undocumented yet instrumental learning exercises endeavoured during this thesis. Finally, in
Section 1.4, the structure of the remainder of the thesis is outlined, comprising a concise summary
of the technical content and proposed novelty developed within each chapter.
1
CHAPTER 1. INTRODUCTION
1.1 Multifunctional shape adaptation
In the context of advanced structural design, the perpetual drive for technological development
pushes engineers and researchers to increase the performance of not only their structures but also
the material systems they are made from. This encourages a deeper understanding of (amongst
other things) elasticity and structural form (or design) to fully exploit the designs and material
systems available to them [1–3]. Traditionally, performance envelope development has favoured
strength and stiffness improvements, often at the cost of increasing weight. However, more
recently, increasingly stringent volume and weight requirements have pushed development in
favour of specific strength and stiffness. With light-weighting taking a more prominent role in
design, geometric envelopes are minimised by designing for thin slender structures such as plates,
shells and rods, whilst material performance is maximised through elastic tailoring [4–6]. These
slender (and often) anisotropic structures inherently possess highly variable stiffness properties,
as such, these compliant structures can undergo finite (large) deformations and are susceptible to
a plethora of nonlinear elastic phenomena, most notably, buckling. Conventionally, the possibility
of elastic instability occurring within the design envelope is mitigated by increasing stiffness; an
approach requiring additional material and increasing weight. However, advances in structural
analysis and elastic tailoring have allowed designers to ask if alternative solutions exist that
minimise the associated weight penalty; they now endeavour to exploit the nonlinearity rather
than avoid it [7–9].
One area this behaviour has manifested itself in is in the quest for a new breed of multi-
functional structures; where individual components now perform functions previously requiring
many. A subset of this new class of nonlinear multifunctional structures is often referred to as
morphing. Multifunctionality is incorporated into the design from the ground up, facilitating
large repeatable configuration change and bypassing the need for conventional mechanisms,
e.g. a single morphing component would replace the hinge, aerodynamic control surface and
actuator in a trailing edge device. Configuration change however, is not a new concept, but an
often overlooked by-product of modern design; achieved through the use of mechanical hinges
and actuators, from the low-tech folding chair to the high-tech undercarriage of an aircraft. This
traditional approach, albeit effective, often generates designs requiring numerous parts (some
moving), increasing mass and complexity. By embedding designs from conception with the idea
of multifunctionality, they can be tailored to behave in conventionally exotic ways; adapting
their shape to best suit their often dynamic operating environments, behaviour ubiquitous in
the natural world [10, 11]. However, in doing so there is often a compromise between their load
carrying capacity, shape adaptability and weight, this trade-off was elegantly visualised in the
requirement triangle proposed by Wagg et al. [12], as shown in Figure 1.1.
Just one of the many avenues to achieve morphing is through exploiting nonlinear elasticity,
specifically elastic instabilities. Resulting structures exhibiting two or more stable states that
typically differ by large nonlinear deformation, reflective of different operating configurations,
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Figure 1.1: The requirement triangle for lightweight shape adaptation, recreated from [12].
are referred to as multi-stable. Conventional mechanisms and some alternative morphing archi-
tectures require continual actuation input to both maintain and transition between these specific
configurations. One of the most appealing aspects of driving shape adaptation through elastic
instability is the elimination of external input to maintain a given configuration; multi-stable
structures are stable by design and thus inherently posses a load bearing capability in every
stable regime. Investigators have proposed a wide variety of multi-stable designs including
pre-stressed shells, pre-curved shells, doubly curved shells, auxetic cored sandwich panels, lo-
calised buckling trusses and complementary buckling shells, with new designs continually being
proposed in this flourishing area of research [4, 13–18]. The methods which drive such shape
adaptation are just as varied as the proposed material systems and actuation architectures.
This variety allows systems to be tailored to specific applications—usually for the aerospace and
wind/marine industries, with a more recent trend of burgeoning interest from the automotive
industry [4, 19, 20]. Independently of the field of interest, actuation force, strain generation,
displacement magnitude, sensitivity, response speed, repeatability, hysteresis, operating environ-
ment and compatibility with existing technology are all factors in the application down selection
[4, 20, 21].
At this stage it is important to recognise that historically, geometric nonlinearities have been
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avoided due to the often undesirable changes in stiffness and the associated loss of stability,
which can make the resulting behaviour hard to predict or lead to failure. Geometry though, is
only one source of nonlinearity in continuum mechanics; nonlinear constitutive models describing
elastic/plastic and viscoelastic systems, as well as non-conservative boundary conditions such as
contact and friction, also contribute. Herein, the focus is on the geometric nonlinearities associated
with finite elasticity, therefore, the term nonlinear is used to refer exclusively to geometric
nonlinearities, unless stated otherwise. Here, a progressive mentality towards nonlinearity is
advocated, where, instead of shying away from them, we actively seek them as the basis of
our designs, so that the nonlinear behaviour is utilised [7]. By harnessing this behaviour and
(hopefully) controlling it, a new realm of structural capability can be envisaged, allowing designers
to develop enhanced lightweight multifunctional solutions across a swathe of industries and
length scales [22]. The potential step change in functionality offered by morphing structures has
resulted in them receiving significant attention from the research community over the last few
decades, as such, a variety of architectures for replacing conventional mechanisms has emerged,
a review of state-of-the-art in this field is given in Section 2.1. The design space is often expanded
by coupling a structure’s nonlinear behaviour with tailorable anisotropic material systems such
as fibre reinforced polymers (FRPs) allowing bespoke morphing strategies to be developed. The
culmination of these complex behaviours renders the analysis of these often highly nonlinear
structures an ongoing and non-trivial task.
1.2 Exploitable nonlinear phenomena
Designing for shape adaptation through elastic instability inherently requires accommodating
for the nonlinear effects associated with finite deformations, as such, a range of nonlinear
responses can occur; each one exhibiting differing levels of nonlinearity, which, in turn, can
trigger various characteristic nonlinear phenomena. To successfully harness nonlinearity as a tool
for multifunctional design it is imperative to characterise these different nonlinear behaviours.
Arguably, the simplest nonlinear responses are those with the weakest nonlinearity, possessing
non-constant positive definite stiffnesses; an example of such behaviour alongside a linear
response can be seen in Figure 1.2a. This nonlinear behaviour is characteristic of ductile material
systems, commonly referred to as strain hardening (increasing stiffness) and strain softening
(decreasing stiffness). As the nonlinearity increases, inflection (or limit) points in the force-
displacement response can emerge. When in a load control scenario, this results in a snap-through
instability, colloquially referred to as buckling. This behaviour can be seen in Figure 1.2b, where
the system instantaneously snaps from position (a) to (b) without an increase in the applied
load. In a monostable system, the complementary phenomena of snap-back occurs, where, upon
unloading, the structure travels along a different region of the equilibrium path as the associated
region of instability is traversed, such behaviour is shown as the transition from (a*) to (b*) in
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d Multi-stable snap-through buckling.
Figure 1.2: Examples of increasingly nonlinear structural behaviour and their associated phe-
nomena in the force-displacement space. The equilibrium path is shown in blue, stable equilibria
are shown as green dots, limit points are shown as red dots, and their associated bifurcation path
by a red arrow to the corresponding blue dot on the equilibrium path, if not at the limit.
Figure 1.2b. Again, as the strength of the nonlinearity increases additional behaviours emerge,
this time the equilibrium path crosses the zero-load line, where, after a snap-through phenomena,
a stable equilibria can emerge, point (c) in Figure 1.2c, such behaviour is referred to as bi-stable.
When at location (c), upon application of a negative load, a second limit point may occur, point (d)
in Figure 1.2c. Again, with increased nonlinearity, additional limit points and stable equilibria
can appear. In the case of negative stiffness at the displacement limit, a limit point can cause a
stable equilibria to occur at the boundary in an otherwise unstable region of the equilibrium path.
Such behaviour can be seen in Figure 1.2d, where, upon reaching limit point (e) the structure
snaps to the displacement limit, upon unloading the structure reaches equilibrium at point (f).
Accommodating for the nonlinear effects shown in Figure 1.2 provides the possibility for a
variety of nonlinear phenomena to occur, which, as we shall see in the following chapters, are
increasingly being adopted to facilitate enhanced functionality. One phenomena fundamental






Figure 1.3: One bi-stable design of the multi-stable nonlinear lattices proposed by Pirrera et al.
[1]. (a) An unstable intermediate configuration, (b) the stable contracted configuration (with
length 47 mm and radius 64 mm) and (c) the stable elongated configuration (with radius 10 mm
and length 605 mm).
the equilibrium path. The associated large configuration change is attractive from a structural
perspective where different configurations could be optimal points for differing operating regimes,
such as cruise and take-off for an aircraft, or straight and cornering scenarios for sports cars.
Researchers seek to couple this behaviour with the presence of additional equilibria so their
structures are stable in these optimal design points, as shown in Figures 1.2c and 1.2d. This
behaviour is the fundamental principle behind designing morphing structures through elastic
instability. With this in mind, the need of the multi-stable designer has shifted dramatically from
a classical monostable one, where, it is no longer sufficient to just allow a structure to exhibit
nonlinearity (where well established methods exist to capture many of these behaviours). We now
seek ways to control and dictate it; nonlinearity should be viewed as a prescribed rather than
observed phenomena.
The suitability of multifunctional designs for morphing applications are often assessed via
the force-displacement space, where stiffness and stability properties are readily inferred. This
leads researchers to ask if and how we can achieve greater control so that the nonlinear response
behaviour is an input in design. In classical design, engineers have well understood techniques
to design structures to exhibit linear responses, where the required material and geometric
parameters can typically be retrieved a posteriori. In nonlinear design, especially with the
objective of driving shape adaptation through elastic instability, we seek to prescribe behaviours
such as those detailed in Figure 1.2. However, the relationships between the material and
geometric parameters and the resulting nonlinear responses are not as well defined, if at all
[22]. With the need for enhanced control over the nonlinear behaviour, researchers are (rightly)
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asking: if we were able to design structures to exhibit a specific constant stiffness when operating
in the linear regimes, how can we extend this design philosophy into the nonlinear regimes,
designing structures to exhibit predefined nonlinear phenomena? The focus of this thesis is not
on the identification of such structures. The suitability and versatility of the nonlinear lattice
structure has already been established in this context by Pirrera et al. [1], an example of which
is shown in Figure 1.3. As such, the present objective is to extend that work in accordance with
the philosophy of engineered nonlinearity outlined above. Specifically:
We seek (novel) lattice designs with sufficient kinematic freedoms to allow desirable robust
configuration change conducive for lightweight shape adaptation. At the same time, we endeav-
our to understand what (if any) relationships exist which allow systematic subjugation of the
observed nonlinear phenomena for cultivating multifunctionality, i.e. it is insufficient to simply
accommodate for nonlinear phenomena, we must strive to passively control it.
1.3 Thesis motivation
Before we proceed with the technical content, it is prudent to discuss the means by which the
author came to develop the tool kit presented in this thesis. Specifically, the undocumented
adventures of learning (and failure) that lead to the specific technical avenues employed herein.
The question originally posed was to understand if additional exploitable behaviour could emerge
from lattice structures with non-cylindrical geometries. As we shall see in Chapter 2, the use
of geometric complexity as a design tool, brings with it the requirement for more geometrically
versatile analysis techniques. The ability of the finite element method to robustly accommodate for
geometric complexity is just one of the reasons it has become an indispensable tool for structural
analysis. As such, the commercially available software Abaqus was employed to analyse the
geometrically complex structures of interest. However, a precursory study into the viability of
ellipsoidal lattices [23] revealed inconsistencies in the software’s ability to prescribe arbitrary pre-
strains, a design freedom this author was looking to exploit. Accordingly, the resulting analysis
was inconclusive, further details are given in Chapter 6.
To provide sufficient control over the numerics and mechanics, it was deemed prudent to
develop a bespoke tool kit, bypassing the known issues associated with commercial software.
The bespoke tool kit is designed to allow easy exploration of the design space, including, but
not limited to, the effects of arbitrary pre-strain. Initially, an extension of the Rayleigh-Ritz
approach employed by Pirrera et al. [1] to accommodate for the increase in geometric complexity
was sought. Their approach modelled the uniform strain field explicitly, which, although suitable
for the cylindrical lattice, owing to its well defined kinematics, is not as well suited to other
geometries. Accordingly, a more generalised analysis approach was devised, based on describing
the individual helices as space curves. In doing so, the kinematics of the coupling which links
the individual helices together also needs to be described. Such a kinematic coupling requires
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control of both the position and rotation (or orientation) field. The process by which one maps
between the strain (or orientation) and position fields is heavily dependent on the arbitrary initial
position and orientation of the helices. The resulting lattice description comprises local (strain)
and global (initial conditions) variables. The presence of global variables severely hindered the
models ability to correctly describe the (known) behaviour of cylindrical lattices. Accordingly, it
was decided that both the position and rotation fields need to be modelled explicitly.
The desire to develop a mixed variable description of the mechanics of a lattice, whilst at
the same time accommodate for arbitrary geometric complexity lead to the development of a
mixed variable finite element scheme. The scheme is supplemented with a connector element
to describe the lattice kinematics and a constitutive model of the one-dimensional laminated
continua comprising the lattice.
1.4 Thesis structure
The remainder of this thesis is divided into four parts, firstly, in Chapter 2, a literature survey
establishes how authors are currently addressing the requirements stated in Section 1.2. Con-
sequently, increased geometric complexity is identified as a suitable mechanism for developing
richness in response and thus enhancing functionality of the cylindrical lattices presented in [1].
Two avenues are identified and investigated to increase geometric complexity in parts two and
three: hierarchical system design, the focus of Chapter 3, and lattices of arbitrary geometries, the
necessary framework for which is developed in Chapters 4 and 5 and subsequently employed to
investigate the influence of variable pre-strain in Chapter 6. Finally, in Chapter 7, conclusions
are drawn to establish how the work presented in Chapters 3 to 6 addresses the needs identified
in Chapter 1. Further details of the content within each chapter is provided below:
Chapter 2 presents the literature survey. The initial focus is on emerging morphing technologies,
with specific emphasis on those exploiting elastic instability. A subset of these designs,
nonlinear lattice structures, is discussed in more detail. Subsequently, the development of
the elastic framework used to describe one-dimensional continua is presented from both the
computer graphics and engineering communities. Finally, in accordance with the technical
challenge outlined in Section 1.2 suitable research avenues are established.
Chapter 3 presents the work on cylindrical lattice systems, where a compact energetic frame-
work is used to describe a hierarchical system of lattices connected in parallel. An algorithm
is presented which allows the system to be systematically tuned to exhibit robust nonlinear
behaviour defined a priori. A variety of bespoke system designs are presented exhibiting
desirable nonlinear characteristics, as outlined in Figure 1.2. The developments in this
chapter have been presented at MECHCOMP 2019 and subsequently published in [24].
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Chapter 4 presents the derivation of the proposed constitutive model, a formulation of the
constitutive behaviour of one-dimensional continua such as beams and rods with a variety
of geometric and material architectures e.g. laminated, braided, wound, etc. The formulation
specifically accommodates for the loading regimes and deformation modes available for
elastic rods.
Chapter 5 presents the numerical framework for a geometrically-exact three-dimensional space
beam used to analyse nonlinear lattice structures of arbitrary geometries. The variational
formulation is based on a virtual work statement employing the quaternion parametrisation
of the finite rotation group, SO(3). Subsequently, the approach is discretised for a Galerkin-
type finite element scheme and accompanied by the necessary auxiliary tools required to
consistently describe spatially variable lattice kinematics in the quaternion space. Finally,
the implementation is tested again a selection of benchmark loading scenarios.
Chapter 6 presents an investigation into the influence of variable pre-strain on an initially
cylindrical lattice. A variety of desirable nonlinear behaviours including bi-stability are
observed alongside new lattice geometries; demonstrating the viability of cylindrical lat-
tices of variable radius and elliptical lattices. The expanded design space allows for both
geometric and elastic tailoring, a particularly desirable feature for morphing applications
such as nozzles. Finally, two examples of the bespoke system designs proposed in Chapter 3,
are reproduced within the finite element context proposed in Chapter 5.
Chapter 7 presents the conclusions and future work. A reflective account on how the technologi-
cal developments presented herein address the shortcomings identified in Chapter 2 and
the bigger technical challenges stated in Chapter 1 is given. Subsequently, the developed
novelty is summarised and finally, a selection of avenues for future work are proposed,
including original ones that remain unexplored and those that have been identified as a
result of this thesis.
In addition to the summaries presented here, each chapter is preceded with a compact summary












The natural world often provides creative insight for structural design; this is nowhere moreevident than in the design of nonlinear structures. As we shall see, one such example,observed at a variety of length scales in both fauna and flora, is the lattice structure.
Together with its equally ubiquitous subcomponent, the helix, they offer ingenious solutions
to a variety of engineering challenges in the natural world. The presence of these topologies
alongside nonlinear structural behaviour has drawn the attention of many keen-eyed scientists
and engineers looking to understand how geometry and elasticity drive the underlying mechanics.
Initially, in Section 2.1, this literature review discusses pertinent examples of morphing or shape
adaptive structures, a technology employed to emulate desirable nonlinear behaviours in the
man-made world. Subsequently, in Section 2.2, nonlinear lattices, a subset of these shape adaptive
structures and the focus of this thesis, are explored in more detail. Having highlighted the trends
researchers exploit to develop enhanced functionality within the morphing community, the focus
then shifts in Section 2.3 to present the eclectic and esoteric areas of differential geometry,
finite-elasticity and the nonlinear numerical methods currently employed to robustly design and
analyse nonlinear lattices. Finally, conclusions are drawn in Section 2.4, where, in conjunction
with the research objectives established in Chapter 1, pertinent avenues of research are identified
of which the technical work presented in the remainder of this thesis aims to address.
2.1 Morphing structures
Driving shape adaptation through exploiting elastic instability was introduced as a suitable
avenue for achieving multifunctional design in Chapter 1, here, efforts by researchers to achieve
this goal are investigated. Initial efforts focused on developing an understanding of the physics
driving multi-stable phenomena already observed in singly curved shells, such as tape springs
11
CHAPTER 2. LITERATURE SURVEY
Figure 2.1: A bi-stable cylindrical shell investigated by Guest and Pellegrino [25]. Both the initial
(left) and coiled configurations (right) are stable. The two lines marked on the shell are straight
in the initial configuration and form circles in the coiled configuration.
and slap bands. Guest and Pellegrino [25] investigated the stability properties of initially-curved
(stress-free) cylindrical shells, as shown in Figure 2.1. By parametrising the geometry of their
shells by the pitch angle, θ, of a helix around a cylinder, they derived analytical models based
purely on curvature. They demonstrated antisymmetric laminates can be bi-stable and exhibit
stable states of equal and orthogonal principle curvature, shown as the two extremities in
Figure 2.2 (cf. Figure 2.1). However, for symmetric laminates one of these states will be twisted
or helical, the intermediate state in Figure 2.2. An inextensible bend-twist model was employed
as bending and twisting alone were shown to be sufficient to induce bi-stability. Other authors
adopted this curvature based description but investigated the effects of material properties and
initial geometry on orthotropic plates, where they showed (through the use of numerical stability
analysis) that extensibility can facilitate tri-stability [13].
The semi-inverted form of the laminate ABD matrices allows for the description of the strain
energy to be decoupled between the flexural and extensional strains. The resulting, entirely
curvature-based description gained popularity and was adopted by many authors to describe the
behaviour of tapes and shells [13, 26–28]. The requirement of constant curvature was investigated
by the semi-analytical work performed by [27] and revealed a rich design space for stability
analysis of shells able to bend, twist and stretch. The work demonstrated how the initial curvature
strongly influences the stability behaviour such that the signage of the initial Gaussian curvature
alone can dictate the difference between tri-stable and bi-stable regimes [27]. The effects of the
coupling between the in-plane (membrane) and out-of-plane (flexural) deformations (via the B
matrix) were also investigated and shown to induce tri-stability. Thereby, highlighting how the
elastic tailoring offered by FRPs is an invaluable design freedom that other material architectures
struggle to challenge. In an effort to broaden their applicability, authors endeavoured to expand
the scope of their designs and models to more complex geometries. Coburn et al. [28] extended
the work by Vidoli and Maurini [13] to include the effects of initially doubly curved shells. It was
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Figure 2.2: Schematic demonstrating how stable states transition from (left) a straight configura-
tion at θ = 0 to (right) a fully coiled configuration at θ =π/2 with an intermediary helical form in
between, the constant rate of curvature and twist allows the structure to be defined by the pitch
angle, θ, alone [25].
verified numerically and experimentally that doubly curved shallow shells can exhibit tri-stability,
as shown in Figure 2.3. Work on pseudo-bi-stable panels and shells with temporal stability was
also investigated as a means to reduce actuation loading in one direction [15, 17, 29].
In addition to initially curved shells, authors also investigated the suitability of initially or
pre-stressed shells for shape adaptation [30]. It was shown that a sufficient state of pre-stress
allows the panels to buckle under ambient operating conditions; shape adaptation occurs when
transitioning between buckling modes. Chen et al. [31] observed that under the right conditions
pre-stressed shells can exhibit near cylindrical buckling shapes with complimentary modes of
equal and opposite sign rotated about orthogonal planes. One source of such a pre-stress is from
the mismatch of thermal expansion coefficients between the orthogonal fibre directions in FRPs;
for initially flat plates this locks in pre-stress during the curing cycle. These bi-stable plates
have been observed (both experimentally and numerically) to transition or snap between mode
shapes under both mechanical and thermal loading [8, 9]. Pirrera et al. [32] investigated the
effects of thermal pre-stress on cylindrical shells by employing a semi-analytical Rayleigh-Ritz
model coupled with a continuation algorithm and exposed a rich interplay between pre-stress
and pre-curvature. Enhanced numerical techniques have repeatedly revealed richer thermo-
elastic equilibrium manifolds when investigating thermal and mechanical loading than previously
reported [8, 9, 32]. In addition to the stresses induced from the thermal effects associated with the
post-cure ∆T, authors have been equally successful in introducing mechanical pre-stress directly
to the fibres and demonstrated its suitability for a morphing flap, as shown in Figure 2.6a [33, 34].
One of the more salient aspects of multi-stable FRP shells is their ability to alleviate actuator
loading when configuration change is not required. To complement this intrinsic behaviour,
designers sought ways to initiate the transition between stable configurations in a repeatable
and controllable manner. The moving parts in conventional mechanisms are driven by (electric,
hydraulic or pneumatic) actuators, the morphing philosophy aims to eliminate (or at least
minimise) mechanical actuator requirements [12]. The most prominent avenue for actuation
is through the application of external field effects, e.g. electromagnetic, hygroscopic, PH, etc.,
13
CHAPTER 2. LITERATURE SURVEY
Figure 2.3: Three stable states of a tri-stable orthotropic doubly curved shell investigated by
Coburn et al. [28]. The three stable equilibria were (left) predicted numerically and (right)
observed experimentally.
with thermal effects dominating the literature due to its inherent role in the manufacturing
process of FRPs. We have seen how environmental thermal loading can trigger transition below
the cure temperature [8, 9, 32]. Conversely, at operating temperatures above curing, Eckstein
et al. [35] demonstrated that thermal fields (other than those induced by post-cure cool down),
and indeed through thickness thermal gradients, offer enhanced avenues for passive morphing
actuation. Other authors have utilised the pressure differential across an air intake duct to
design passive structures for flow regulation, as shown in Figure 2.4 [36–38]. However, global
ambient (thermo-mechanical) operating environments may not be suitable for many applications;
often the post-cure ∆T is used as a means to develop multiple equilibria rather than transition
between them, whereby environmental mechanical loads are the primary load case. Locally,
actuation can be achieved through coupling FRPs with active materials; either embedding them
inside or attaching them to the surface of the laminate [21, 39].
Investigating the stability properties of pre-curved and/or pre-stressed shells revealed global
buckling was sufficient to induce bi-stability. Subsequently, many researchers asked if similar
behaviour could be achieved locally, by integrating bi-stable and monostable FRP panels [4, 40–43].
Accordingly, the need arose to develop architectures that blended (yet separated) mono and multi-
stable behaviours to enhance the functionality of a single panel, demonstrating how morphing
strategies could be integrated with conventional monostable structures. Resulting laminates
exhibit spatially variable fibre angles, thus the local fibre-angle, or tow-angle is used to describe
them, such laminates are referred to as variable angle tow (VAT) panels. Authors demonstrated
the additional design freedoms offered by VAT panels allows for optimised blended morphing
solutions, preserving tow continuity and load path [40, 43]. Although they demonstrated multi-
stable behaviour, the presence of discontinuous fibres within a VAT panel was soon identified
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Figure 2.4: Bi-stable air inlet demonstrator investigated by Daynes et al. [36] (left) closed state,
(middle) open state, and (right) numerical simulations capturing the two stable configurations of
the inlet. The colour map indicates principle strain, εx, distribution on the upper surface.
as a limitation of the technology, introducing both stress concentrations and resin pockets [40].
Authors subsequently sought continuous solutions to the previously discrete ply angle variations,
the equivalence between the two distinct yet analogous architectures can be seen in Figure 2.5.
However, a shortfall in current VAT manufacturing techniques was quickly identified, where the
smooth variations employed in their designs was beyond the capability of current fibre placement
technology. One proposed solution is continuous tow shearing, where tow shearing (as opposed to
bending) permits defect free fibre angle variations offering enhanced localised spatial variation
of the stiffness, improving both stiffness and strength properties [44]. A corollary of allowing
for spatially variable fibre angles is the manipulation of local properties to enhance global
behaviour. In accordance with a minimalistic design philosophy, Coburn et al. [45] developed
a VAT panel with effective embedded stringers, increasing panel stiffness and buckling loads.
Such a strategy significantly reduces part count compared to conventional bonded stringer-panel
designs. Although fibre angle is the intuitive means by which spatial stiffness variation can occur
in FRPs, other authors exploited geometric variation, such as tapering bending stiffness via
variable geometry of a bi-stable flap [36]. For an extensive review of other techniques used to
induce variable stiffness for morphing applications (not limited to multi-stable FRPs) the reader
is referred to [46].
Having designed and observed multi-stability in monolithic FRP panels, designers sought
ways to identify and apply these technologies directly to applications where discrete mechanisms
were employed. Aerodynamic control surfaces were quickly identified as suitable candidates, seen
in the aerospace, wind/marine and even the automotive industry [4, 18–20]. Many of the early
morphing technologies that employed multi-stable monolithic panels as the driving mechanism for
shape adaptation were limited to the stability of the underlying bi-stable components; a structure
made of multiple bi-stable components would itself only be bi-stable; such hierarchical assemblies
did not behave synergistically [36, 47]. To represent a viable replacement for conventional
mechanisms, where actuator/hinge combinations can achieve an almost innumerable amount
of configurations, morphing strategies need to offer an equivalent capability. Subsequently,
researchers investigated developing hierarchical architectures exhibiting synergistic interaction
between their bi-stable base units.
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Figure 2.5: Development of variable stiffness panels through variation of fibre angle, (left)
conventional linear and (right) curvilinear VAT panel [40].
Assembly architecture has been observed to strongly influence the global stability properties
of multi-stable structures. A selection of proposed synergistic hierarchies, highlighting the variety
of architectures available when employing bi-stable FRP base units can be seen in Figures 2.6
and 2.7. By combining two bi-stable tape springs, such as those investigated by [25], of opposing
initial curvature (and thus stable configurations of equal and opposite curvature), Murphey
and Pellegrino [48] observed a tape spring with neutral stability (zero stiffness) between two
stable configurations, as shown in Figure 2.6b. Schioler and Pellegrino [14] developed a multi-
stable beam structure, as shown in Figure 2.6c, composed of bi-stable struts able to snap in
isolation, producing a quadratic relationship between the number of base units and stable
equilibria. However, the associated increase in geometric complexity also increases the analysis
complexity. Santer and Pellegrino [49] demonstrated that bi-stable strips such as those in [25],
can interact synergistically to increase the number of stable configurations depending on the
assembly architecture. An example of such synergistic interaction is the tri-stable tetrahedron
shown in Figure 2.7, composed of two bi-stable strips connected via (monostable) rods. Notable
with this design is the potentially unbounded number of base units that can be added to the
system. However, the addition of every base unit increases the geometric complexity of the
assembly and thus finite element analysis (FEA) is required to capture its behaviour.
In efforts to enhance stability behaviour whilst minimising geometric complexity, Cui and
Santer [50] demonstrated how bi-stable base units can be tessellated to form a single (discrete)
VAT panel, as shown in Figure 2.7 (cf. Figure 2.5). Where, again, depending on the arrangement of
the panels, they observed the base units interacting synergistically or antagonistically; exhibiting
lower levels of multi-stability compared to the shells in isolation [50]. In a complementary
manner, Cui and Santer [51] arranged their bi-stable base units in series, with a buffer zone
in between. The authors observed highly multi-stable synergistic interaction between the base
units, as shown in Figure 2.7. However, issues pertaining to the discrete changes in ply angle
between the base units in [50, 51] were not discussed but the topology will be subject to the same
shortfalls identified in [40]. Again, demonstrating another assembly configuration, Dai et al. [52]
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a Bi-stable flap. b Neutrally stable tape spring. c Space truss.
Figure 2.6: Examples of structures composed of bi-stable base units. (a) bi-stable morphing flap
[47], (b) neutrally stable tape spring [48] and (c) multi-stable space structure [14].
designed a tri-stable rectangle composed of four bi-stable base units, as shown in Figure 2.7.
The examples discussed above not only demonstrated how assembly architecture influences the
synergy between the base units, they also show how the geometric form of the resulting stable
equilibria is highly assembly dependent.
To broaden applicability and encourage a wider uptake of shape adaptable behaviour, morph-
ing structures are pushed to exhibit increasingly stronger nonlinearities, as detailed in Section 1.2.
However, in order for designers to be able to exploit these complex nonlinear behaviours, they
require tools capable of robustly predicting them. Typically, the behaviours of interest, such as
buckling, are synonymous with singularities, non-uniqueness and/or unstable regions of the
equilibrium manifold: which if not handled correctly are notorious artifacts in numerical simula-
tions. When coupled with complex deformation modes, anisotropic material behaviour, complex
geometries and loading scenarios conventional solution algorithms are often unable to accurately
capture the full response behaviour of such structures. In efforts to mitigate numerical issues,
where appropriate, authors employ reduced order energy methods to capture the equilibrium
manifolds of their structures. However, this type of approach is only suitable for simplistic
geometries and thus assemblies [13, 25–28].
Following the trend of seeking richness in response through exploiting geometric complex-
ity, researchers often find themselves relying on the geometric versatility of FEA to analyse
their structures [49–52]. The compact analytical description of the base unit is often unable to
accommodate the increased geometric complexity of the hierarchical assemblies. Thus, it can
become increasingly difficult to intuitively explore the design space of these complex structures.
Some authors utilise continuation algorithms to robustly handle notorious numerical artifacts,
unearthing richer equilibrium manifolds and allowing parametric exploration the design space of
their nonlinear structures [8, 9, 32]. One such approach, the generalised path-following technique
proposed by Groh et al. [8], has demonstrated an impressive ability to robustly handle nonlinear
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Figure 2.7: Examples of hierarchical multi-stable structures, (top left) multi-stable tetrahedron
[49], (middle top) tessellated multi-stable surface [50]. (bottom left) tri-stable rectangle [52] and
(right) highly stable surfaces [51].
phenomena and provide multi-dimensional parametric exploration of the design space within a
numerical framework. For instance, when applied to a simple problem such as the flat orthotropic
plate, the path-following technique revealed a much richer equilibrium manifold than previously
reported. The possibility of exploiting these enriched behaviours in hierarchical assemblies is,
however, yet to be explored [53].
We have seen an eminent trend emerge within the morphing community to develop multi-
functionality through increasing geometric complexity. Where, multi-stability is engineered by
designing hierarchical assemblies to exhibit synergistic interaction between their base units.
One of the more popular base units employed by authors is the bi-stable tape spring presented
by [25], with a selection of proposed assembly hierarchies shown in Figure 2.7. The tape spring,
however, is not the only available base unit, nor are we limited to the assembly architectures
presented in Figures 2.6 and 2.7. As we have seen, hierarchical design can be synonymous with
increased geometric complexity e.g. [14, 49]. Accordingly, authors often rely on either bespoke
experimental demonstrators or the geometric versatility of FEA to expose the nuances of their
designs. However, relying on numerical techniques such as FEA, can often obscure the insight
required to fully understand the physical mechanisms driving the desirable behaviour. It is only
for simplistic geometries, such as those of the tape springs themselves (cf. Figure 2.2), where
lucid analytical models can be developed. Such descriptions not only provide invaluable insight
into the underlying physics, they often allow the design space to be readily explored. Therefore,
when designing multi-stable hierarchies, it is (immensely) desirable that the descriptions of their
mechanics inherit the simplicity of the descriptions of their base units.
With the desire to minimise unnecessary geometric complexity, authors sought novel hierar-
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chical assemblies capable of preserving the analytical description of the helical shells proposed
by [25]. An example of shape adaptive behaviour from the natural world exploiting helical base
units is the snapping tail sheath of the bacteriophage-T4. Pirrera et al. [1] replicated its bi-stable
tail sheath using an interconnected grid of helical base units, analogous to those proposed by [25].
Thereby introducing the morphing community to nonlinear lattice structures; multi-stable hier-
archical assemblies exhibiting a favourable synergy of kinematics and geometry, which makes
them an exceptionally versatile candidate for robust multifunctional design.
2.2 Nonlinear lattice structures
The helix, a stable state for initially cylindrical FRP shells as shown in Figure 2.2, not only
manifests itself in the multi-stable community discussed above, but is also common in the natural
world [25]. The ubiquitous form of the helix across many disciplines and length scales stems from
structural hierarchy often embedded at the microscopic level. These engineered architectures
work to develop either spatial stiffness variation or pre-stress/pre-strain, the same mechanisms
which researchers employed to emulate this behaviour in the morphing community [54]. Many
researchers have identified these geometric forms in plants stems, tendrils, hair curls, protein
strands, collagen, polymer backbones and chiral seed pods to name but a few [3, 55, 56]. This
abundance of examples has naturally inspired many designers to investigate and exploit this
structural topology for a variety of different applications; falling on every corner of the require-
ment triangle, Figure 1.1. This section focuses on a subset of the hierarchical morphing structures
presented in Section 2.1, nonlinear lattice structures; hierarchical adaptive structures that em-
ploy helical geometries as their base units. By utilising helical structural elements as a base unit,
the resulting lattices can exhibit enhanced stability properties compared to the individual helices
themselves; the assembled lattice topology facilitates synergistic interaction between its base
units. The simplistic hierarchical architecture allows the cylindrical description [25] to be applied
to model both the base unit and the structure.
We have already seen how bi-stable tape springs can be combined in a variety of ways to
develop hierarchical assemblies that exhibit enhanced stability properties, such as those shown
in Figure 2.7. However, the majority of these geometrically complex assemblies resulted in the
initial description provided by Guest and Pellegrino [25] to be inappropriate. Subsequently,
authors sought hierarchical assemblies of bi-stable shells that could be analysed by (modifying)
the cylindrical model proposed by Guest and Pellegrino [25]. Lachenal et al. [5] designed a
cylindrical twisting structure by combining two FRP strips at a fixed distance, topologically
analogous to the double helix structure of DNA, as shown in Figure 2.8. The geometric simplicity
of the twisting structure allowed the model proposed in [25] to be employed for assessing its
stability with regards to the state of pre-stress, ply angle (β) and pitch angle (θ). To simplify
the design space they proposed investigating symmetric and antisymmetric laminates of the
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Figure 2.8: Fixed radius double helix shown to be multi-stable twisting structure [5]. Light grey
represents the fully extended state and the dark grey a semi-coiled configuration. As with the
cylindrical shells such a twisting structure can be described alone by the pitch angle, θ ∈ [−π2 , π2 ],
(cf. Figure 2.2).
form [β2/0/β2] and [β2/0/−β2], respectively. They demonstrated that for symmetric laminates,
the internal (helical) equilibria can be tuned for any θ, by altering the ply angle, β, alone.
The presence of a manufacturable structure with zero twisting stiffness was also observed;
this was later used as the basis of a zero torsional stiffness twisting wing [57]. The analytical
model was successfully verified both experimentally and numerically for a layup of [05] [5].
However, it was noted that delamination for large β for the antisymmetric laminate may render
them impractical from a manufacturing perspective. Issues pertaining to manufacturability
and practicality were not investigated further. Discrepancies between the analytical model
and the experimental/numerical models inspired further investigation, this lead the authors to
enhance the analytical description to include the effects of transverse curvature and in-plane
extension [58]. Although the in-plane extension was subsequently decided to contribute negligibly
to the strain energy, owing to the energetically unfavourable development of Gaussian curvature,
the inclusion of the transverse curvature arising due to Poisson’s effects coupled with the free-
edge boundary condition could not be ignored, highlighting the importance of edge effects for
wide strips. The energy landscape of the enhanced two-dimensional model subsequently revealed
a very different energy landscape than the one-dimensional model. For helices with large widths,
regions of validity of the one-dimensional model in terms of the strip width were identified,
highlighting the geometric limitations of the one-dimensional description.
The work on the twisting lattice was extended to explore the potential for even more ex-
ploitable behaviour [5, 58]. With refined topology, it was shown that the lattice is capable of being
tuned to convert (and amplify) the axial rotation output of a motor to axial displacement required
for a linear actuator. Coupled with the tunable stability properties previously reported, makes
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the twisting lattice an ideal candidate for an actuation system for an exoskeleton [59]. Having
observed the potential tailorability of such a structure and in keeping with the philosophy of
engineering nonlinearity through hierarchical architecture, the behaviour of combining multiple
twisting structures was investigated. Their application in von-Mises trusses, again, unearthed a
much richer equilibrium manifold than a single twisting structure (which is again richer than
that of an individual strip) [60]. The non-symmetric torsional stiffness arising from a symmetric
layup was exploited to allow the truss to be reconfigured into three different states depending
on the sign of the helix angle, θ in Figure 2.8. It should be noted that as of yet, the behaviour
observed with multiple lattices connected together produces behaviour which cannot be created
by a single lattice in isolation.
Other authors took inspiration from the bacteriophage-T4, a virus which utilises a bi-stable
cylindrical lattice of helices as its tail sheath to inject DNA into a host cell [1]. The bi-stable tail
sheath snaps between its extended (θ =π/2) and coiled (θ = 0) configurations, changing both its
height and radius by varying the helix angle. A schematic of the tail sheath and its helical base
units alongside the equivalent mesoscale mechanical demonstrator can be seen in Figure 2.9. A
clear geometric distinction can be seen between the lattices in Figures 2.8 and 2.9, where the
lattice proposed by [1] consists of interacting helices of different handedness. As we shall see,
the different handed helices generates a grid or lattice pattern on the surface of the underlying
cylinder. The developable nature of the cylinder allows the lattice pattern to be projected onto the
plane, where, a repeating unit cell is observed, as shown in Figure 3.1. The unit cell comprises
one-dimensional helical strips allowed to bend and twist. A thorough analytical description of the
deformation of the lattice based on the unit cell allowed a description of the strain energy entirely
in terms of either the radius or height of the constraining cylinder. The authors demonstrated
how the geometry of the unit cell, pre-stress and anisotropy can be manipulated to tailor the
energy landscape of the lattice structure. The wealth of elastic and geometric design variables
allowed the structures to be tuned to exhibit desirable nonlinear behaviour including neutral
and multi-stability. However, the semi-analytical exploration of the design space did not look for
designs with more than three stable equilibria.
The semi-analytical model not only exposed a rich design space but highlighted the necessary
conditions for the following lattice classes:
• flat or multi-stable energy landscapes for unit cells of equal side length with and without
pre-stress;
• flat or bi-stable energy landscapes for identical helices with or without bend-twist coupling,
pre-stress or unit cells of equal side length;
• flat or multi-stable energy landscape for mirror-symmetric helices in the absence of bend-
twist coupling, pre-stress or unit cells of equal side length.
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Figure 2.9: (Left) Visualisation of the two states of the bacteriophage-T4 and the individual
helical components of the lattice [61]. (Right) Mechanical demonstrator developed by Pirrera
et al. [1] based on the morphology of the bacteriophage-T4.
Due to the increase of additional design variables (compared to the twisting lattice [5]) the
equilibrium manifold was investigated numerically, revealing ranges of design variables that
produced desirable stability behaviour. Unfortunately, although bi-stable demonstrators with
non-symmetric layups were manufactured there was no quantitative assessment of the stiffness
of these structures either experimentally or analytically. Interestingly, the geometry of the unit
cell alone, arising from the kinematics of the lattice, highlights an important behaviour. Under
the assumption of a unit cell with equal side length, the structure does not twist under axial
extension. The corollary being that the rate of twist subject to a given axial deformation can be
tuned depending of the geometry of the unit cell alone. It should be noted that, as identified with
the lattice of fixed radius [5], certain combinations of design variables may become physically
implausible due to limited material strengths and in some cases violating the assumed cylindrical
kinematics. Assuming a design point is physically viable, the robustness or sensitivity of such a
design subject to manufacturing variability has yet to be investigated. However, the presence
of experimental demonstrators reported in the literature act to (qualitatively) alleviate some of
these concerns. The high deployability (extension rates of 92.2%), helical topology and lightweight
construction make them particularly suitable to weight and volume sensitive applications such
as deployable structures. Interestingly, by combining the helical lattice topology with thermally
active shape memory alloy bands, authors independently designed a deployable quadrifilar
antenna system, as shown in Figure 2.10 [62, 63]. However, the stowage mechanisms for the
antenna relied heavily on folding as opposed to controlling pitch angle alone.
The underlying assumption which constrains the lattice structures to lie on the surface of a
cylinder has allowed authors to draw upon the wealth of knowledge previously developed. Namely,
the assumed one-dimensional state of constant curvature and torsion of the individual strips
is a function of θ, as shown in Figure 2.2 [25]. Such a description is limited for lattices that do
not contain helical base units of constant radius, and thus could possess non-constant curvature
and twist. Accordingly, a generalised analytical description of alternative lattice geometries has
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Figure 2.10: Quadrifilar antenna concept shown (left) fully deployed, (middle) partial axial
compaction and (right) radially compacted [62].
eluded researchers at the time of writing. Relaxing the restriction of the constraining surface
to be cylindrical allows a greater class of lattice structures to be explored, which, in turn, may
offer additional exploitable behaviour and functionality. One limitation of the current cylindrical
lattice designs is the uniform global deformation behaviour. Although, in some instances, it is
desirable to have global deformation because the input into the system becomes invariant of the
actuation location, i.e. changing the radius at any point changes the height of the lattice and vice
versa. In other instances, localised actuation may be desirable for shape adaptive applications, we
have already seen such behaviour in Section 2.1, where, authors sought to integrate monostable
and multi-stable components together. For nonlinear lattices, this behaviour corresponds to a
non-constant strain field i.e. local rather than global deformation. A description capable of non-
constant strain will also allow for non-constant kinematics and geometry e.g. cylindrical lattices
of variable pitch, radius, or both and, more generally, lattices of arbitrary topology. Localised
deformation and control of the lattice may be further exploited to drive locomotion of internal
volumes for transmission of stowed objects, or opening and closing of the deformation surfaces to
give access to interior volumes.
The prevalence for biological structures to consist of repeating or tiled base units, such as
the monomers found in DNA, collagen and keratin, served as the inspiration for other nonlinear
lattice designs, analogous to the behaviour seen in Figure 2.9. These simple tiled structures often
appear in mirror image pairs, forming rigid, compliant or flexible handed structures able to tailor
the composition of the intermolecular bonds. The desirability of tailorable stiffness behaviour for
adaptive structures is evident from Figure 1.1. Collagen for example, is found in bones and teeth,
and cartilage, tendons and skin, rigid and compliant applications, respectively. The similarities
between the topology of such biological structures with that of auextic structures, typically
characterised by a negative Poisson’s ratio, which also exhibit a repeated tiling of base units has
not gone unnoticed. By combing these ideas, Lipton et al. [64] proposed handed shearing auxetic
structures; rigid or complaint structures from handed shearing auxetics, as shown in Figure 2.11.
They demonstrated how handedness can be induced by controlling the symmetries arising from
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a Capsule lattice b Auxetic tiling on a cylinder
Figure 2.11: (a) Two stable configurations of the capsule shearing auxetic lattice, (top) fully coiled
and (bottom) fully extended. The lattice comprised three connected auextic lattices; a cylindrical
middle section and two semi-spherical end caps. (b) Auxetix tiling of different handedness on a
cylinder [64].
the unit cell geometry and/or the alignment of the tiling pattern on the underlying surface, as
shown in Figure 2.11. They experimentally verified the twisting lattice kinematics proposed by
Pirrera et al. [1]; a lattice with a non-square unit cell will shear under extension, which results
in twisting when mapped onto a cylindrical deformation surface. In this instance, the tiled base
unit of the shearing auxetic lattice and the unit cell of non-equal side length proposed by Pirrera
et al. [1], become analogous. An ability to experimentally tile both cylinders and spheres was also
demonstrated. A bi-stable capsule lattice; a combination of both cylindrical and spherical tiled
surfaces is shown in Figure 2.11. A salient observation from this work is the ability to tile doubly
curved surfaces, specifically, the unhanded spherical end caps. Previous issues identified arising
from (ideally) mapping a developable surface onto a doubly curved surface (thus generating
energetically unfavourable Gaussian curvature and the associate membrane strain [25, 31, 58])
were not discussed. Therefore, the ability of the resulting shearing auxetic lattice to conform to a
given (geometric) deformation surface, a key component of the analytical description employing
in [1], is yet to be investigated.
In addition to the behaviour of individual lattices, Lipton et al. [64] investigated how selective
bonding in hierarchical systems influences stiffness properties. They assembled cylindrical
lattices of the same radii and varying handedness concentrically around a common axis.1 Under
axial compression, the differing handedness causes the individual lattice radii to expand or
contract; the antagonistic nature of the radial deformation results in individual lattices locking
together. The lattices were fixed onto a rotating plate, allowing relative rotation between their
1Such a configuration is referred to as a "composite" lattice in [64], herein it will be referred to as a concentric
lattice to avoid confusion with the material system of the same name.
24
2.2. NONLINEAR LATTICE STRUCTURES
Figure 2.12: (left) A scanning electron micrograph of Eutreptia pertyi showing helically arranged
pellicle strips, adapted from [65]. (centre) Three micrographs of Euglena gracilis executing
metaboly between a microscope slide and a cover slip [66]. (right) Smart helical structures
inspired by the pellicle of euglenids [66].
extremities, although they were able to twist and shear, the radial constraint meant that the
individual strips and hence the lattice buckled in response to axial compression. For a concentric
system of three cylindrical lattices, the handedness of the individual lattices can be chosen
to increase the axial stiffness and effective ultimate compressive strength by 520% and 50%,
respectively. This qualitative experiment demonstrates the potential for interplay between
the lattices to enhance stiffness, strength and stability behaviour. Interestingly, a qualitative
experimental investigation into the buckling mode shapes of a single lattice, revealed different
modes shape could be triggered by varying the amount of torsional pre-load in the system prior
to compression. At the time of writing there has been little focus on the behaviour of such lattices
hierarchies in these post-buckled regimes.
The pellicle of euglenids provides another excellent example of the ingenious way nature
utilises helices in a hierarchical manner for adaptive structural design. Their unique topology
inspired Noselli et al. [66] to design smart helical structures, as shown in Figure 2.12. These
cylindrical helical structures differ from the cellular lattices reported in [1, 63, 64]. The structures
consist of multiple parallel helices of the same handedness, similar to the topology of the twisting
morphing structures shown in Figure 2.8, but allowing the radius to change during deformation.
The strips, of which their number may change, are of sufficient width to envelop the entire surface
of the constraining cylinder. In a rather unorthodox manner, the kinematics are underpinned
by the ability of the helices to slide or shear (without friction) relative to one another, thus, the
structure twists in response to changes in height or radius, as shown in Figure 2.12. Interesting
to note from the scanning electron micrograph is the ability of the pellicle to take non-cylindrical
forms, here, both temporal and spatial variation of the radius allow an internal cavity to be
translated along the axis of the helix. A highlighted strip in Figure 2.12 demonstrates how
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the helix angle (and thus radius) vary to accommodate the non-cylindrical deformation surface.
It must be stressed, the idealised friction-free sliding between the members is a fundamental
modelling assumption, how this is to be realised at the mesoscale, is yet to be addressed.
Akin to the methods adopted in [1], Lipton et al. [64] model their helices as inextensible
and unshearable one-dimensional continua, only able to bend and twist. The validity of this
assumption is based on the limit of the number of strips; strip width is a decreasing function
of their number. They neglect the development of transverse curvature, an assumption also
employed by [5, 25], however, the suitability of such as assumption for structures with a low
number of strips and thus high width has yet to be investigated. Previous investigation by
Lachenal et al. [58] demonstrated the need to include transverse curvature when analysing
wide strips for twisting structures of constant radius. The need to include the effects of these
secondary deformations arose due to a combination of Poisson’s effects manifesting themselves at
the free edge. However, the edge-wise contact of the strips shown in Figure 2.12 may mitigate
such needs. The effect of pre-curvature and pre-twist were investigated, where, it was found
that the structures can be multi-stable. An interesting observation is the use of pre-strain to
tailor the position of internal equilibria within the deformation range, such stability control
has previously been observed with ply angle variation by Lachenal et al. [5].2 The constitutive
model was assumed to be linear and isotropic, this corroborates findings from other authors that
pre-curvature alone is sufficient to drive shape adaptation, but employing FRPs to couple the
deformation modes allows enhanced tailoring of the energy landscape [1, 5, 64]. The structure
was observed to undergo tensile buckling, in which the structure snaps from a semi-coiled to
fully extended configuration subject to a given axial load. They demonstrated an ability to tune
the buckling load by varying the pre-curvature. When experiencing positive internal pressure,
the structure was observed to snap from its fully extended to coiled configurations to react the
development of tensile hoop stress.
We have seen authors propose many creative cylindrical lattice designs [1, 5, 64]. So far,
their analysis has been underpinned by the presence of a constraining cylinder, allowing for
concise (single parameter) analytical descriptions of their mechanics. Yet, we have also seen
certain doubly curved surfaces mapped or tiled by lattice or grid geometries, such as those shown
in Figures 2.11 and 2.12. However, the disparity between developable (singly curved) surfaces
such as cylinders and cones and non-developable (doubly curved) surfaces such spheres and
hyperbola is known to induce membrane deformation during mapping [31]. Gridshells, offer
another means by which doubly curved surfaces can be tiled with a cellular geometry. Baek et al.
[67] proposed a framework for determining the two-dimensional footprint required to design
elastic gridshells of specific geometric form. Their gridshells comprise a planar orthogonal grid of
interconnected rods, which, when buckled, form a three-dimensional cellular lattice. They were
able to design footprints and gridshells of varying geometric complexity, including singly and
2Pre-curvature, pre-twist or pre-strain are referred to as instantaneous curvature by Noselli et al. [66].
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Figure 2.13: Elastic gridshells of constant Gaussian curvature including (red) quarter sphere,
(green) semi-cylinder and (blue) saddle [67].
doubly curved surfaces, as shown in Figure 2.13. They initially investigated circular boundaries
and demonstrated that the resulting non-spherical gridshells exhibit high-order buckling modes
and multi-stability. Their work highlights the non-trivial interaction between the footprint and
the resulting grid, especially when the zeroth (and often simplest) mode is the target form. By
understanding how the planar footprint can be mapped into a three-dimensional gridshell, it
is hoped that this information can be exploited to map the planar lattice projections reported
in [1, 64] onto more geometrically complex surfaces.
At the macroscale, lattice structures capable of large configuration change have been exploited
for adjustable architecture, where, one of the most prominent applications has been for retractable
roofing systems [68]. The design drivers for adaptive structures in civil applications differ
significantly from those of the aerospace community, specifically light-weighting. Therefore, their
designs typically employ heavy conventional mechanisms with numerous discrete components
and their associated actuation requirements, as shown in Figure 1.1. The Iris dome proposed
by Hoberman associates [69], a reconfigurable roofing structure exploiting lattice geometry for
mechanism driven shape adaptation, can be seen in Figure 2.14. The Iris dome’s radius and
height vary as it is (pneumatically) reconfigured between an open toroidal band and an enclosed
ellipsoidal surface. The dome comprises multiple rigid shearing cells, however, the cell geometry
and shearing behaviour is not uniform across the dome. The presence of a distinct unit cell may
allow analogous designs to be made using continuous structural elements such as those used
in [1, 64]. It is anticipated, however, that numerical techniques such as those employed by Baek
et al. [67] will be required to capture the behaviour of such complex geometry. At this time, it is
unclear how the underlying deformation surface can be defined a priori; a vital component in the
development of analytical descriptions.
The landscape of nonlinear lattice structures emerged as a topological subset within the
morphing community, where, the evolutionary trend of designed hierarchy remains a driving
force for achieving multifunctionality. Researchers endeavoured to develop enhanced stability
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Figure 2.14: (Left) Retractable roofing structure proposed by Hoberman associates [69] and (right)
schematic of the structure in two intermediary states [68].
behaviour through hierarchical design. When preserving the helical geometry of their base units,
hierarchical designs could be described in terms of the simplistic cylindrical geometry of their
base units. Authors demonstrated that enhanced stiffness and strength can be achieved by
extending the philosophy of hierarchical design by treating the cylindrical lattice as the base
unit. However, careful consideration must be taken, as we have repeatability seen (across the
entire morphing community) small nuances in the assembly topology can dictate the difference
between synergistic or antagonistic interaction within the assembly. The diversity of cylindrical
lattice designs proposed by authors has been accompanied with a variety of analysis techniques.
However, relaxing the kinematic constraints ensuring the lattice topology remains cylindrical and
the base units helical, often results in designs beyond the scope of current analytical descriptions.
It is anticipated, such issues will only be exacerbated for (geometrically complex) hierarchical
design, as such, researchers sought alternative analysis techniques to assess the behaviour of
their structures. Due to its geometric versatility authors often rely on FEA to analyse their
structures. With the desire to seek and exploit nonlinear behaviour, careful consideration needs to
be made with regards to the capability of both the mathematical descriptions and the numerical
techniques employed to analyse their structures. With the increasing use of numerical techniques
to analyse lattice structures, the focus now shifts towards the numerical techniques the nonlinear
mechanics community employ to evaluate geometrically complex continua.
2.3 Theory of elastic rods
Expanding the design space of nonlinear lattice structures to encompass non-cylindrical geome-
tries, including both non-cylindrical hierarchies and non-helical strips, requires more geometri-
cally generalised analysis techniques; the previous reduced-order models are only valid in the
presence of a constraining cylinder. Therefore, the behaviour of the continuous one-dimensional
helices within the lattice structure need to be accurately described, both kinematically and
elastically. This section reviews various numerical techniques employed to analyse such slender
one-dimensional continua, often referred to as rods. Although the deformation and/or geometry
may vary across the lattice, some topologies may exhibit axial symmetry such as that shown in
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Figures 2.12 and 2.14. However, in extending the models to possess arbitrary geometries, we
want to minimise restrictive assumptions regarding the kinematics, including axisymmetric
behaviour. Such a relaxation, may allow a posteriori identifications to be made about potential
constraint surfaces, which, may be subsequently employed in analytical descriptions. With this
in mind, the constraint of repetitive behaviour is relaxed, allowing for variation both between
and along each rod, i.e., each rod needs to be modelled individually.
One-dimensional slender elastic bodies are abundant in the physical world. Not surprisingly,
many communities have developed requirements to model them, from sutures, catheters and
knots in the medical community; ropes, cables and hoses in the marine, piping, automotive and
rail industries; to vegetation, hair strands, grass and fur in the computer graphics communities.
With such a range of demand, the competing interests from different communities can often
encourage development in seemingly antagonistic directions. Recent developments in numerical
methods and available desktop computing power has paved the way for numerical solutions
to become commonplace, where, the trade-off between solution accuracy and runtime is now
favourable. Their ability to provide (sufficiently) accurate solutions is extremely valuable, yet
they often provide little to no auxiliary insight, as the physics is often lost inside the numerics.
In recent decades, the computer graphics community has developed a requirement for a
new breed of elastic rod model, capable of fast, visually plausible results. Their needs have
been addressed, in part, by the mathematics community, who drew upon their understanding
of differential geometry to describe such continua. These models have matured significantly in
recent years, enhancing both physical accuracy and runtime. Accordingly, their popularity in
both commercial and academic codes has grown, and they are now being applied to a broader
range of applications, including structural design. Therefore, we should strive to understand
the subtleties between the modelling approaches offered by different communities, specifically,
their inherent approximations and limitations. The development and nuances of these models is
presented herein, and where appropriate, instances of authors utilising the more mature variants
of these models from the computer graphics community for structural design are highlighted. It is
the authors engineering background and the underlying need for stability analysis that produces
a penchant for physical accuracy and thus FEA. However, by understanding the mathematical
concepts embedded in the eclectic descriptions offered by the computer graphics community, it is
hoped novel (semi-)analytical descriptions may be devised for multifunctional structural analysis.
2.3.1 Computer graphics community
Rapid simulation of deformable bodies, specifically long slender elastic rods, has seen significant
development in the last few decades within the computer graphics community. In contrast to the
high-fidelity simulations commonplace in the engineering community, the computer graphics
community requires rapid, intuitive (physically plausible) results and more recently with a push
to achieve these at interactive rates. Accordingly, many of their algorithms exploit approximations
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Figure 2.15: Material curvatures about the local inertial frame defining a Cosserat rod. The
rotation rates of the frame as it traverses the centreline represent the material curvatures and
torsions as it rotates about it axes.
to simplify the kinematics and numerics to reduce runtime. As such, these highly approximate
models, are (now) able to produce intuitive deformation profiles at interactive rates [70]. However,
care must be taken to understand these approximations, as they can often lead to a disparity
between the maths, the physics, and therefore, reality.
The earliest and arguable simplest efforts, described the rod centreline as a chain of discrete
masses connected by springs. The downfall of this approach was soon realised, as it was unclear
how to define the spring constants and moreover, its inability to reproduce expected nonlinear
behaviour. It was quickly identified that modelling the position of the centreline alone was
insufficient at capturing torsional effects, which drive much of the complex behaviour indicative
of finite one-dimensional elasticity. Therefore, authors coupled each position along the centreline
with an orientation or frame. Such a mathematical object, known as a framed space curve, is
commonplace in differential geometry, as shown in Fig. 2.15. However, it was soon realised that
the Frenet-Serret frame, the orthonormal frame used to describe the local orientation of a curve
by the mathematics community, also suffers from downfalls in its inability to correctly describe
general mechanical (as opposed to geometric) behaviour. Specifically, the frame cannot account
for non-isotropic bending stiffnesses as it is specially adapted to the geometry of the centreline
rather than the inertial frame, nor can it correctly account for pure torsion.3 The latter can easily
be seen in Figure 2.15; where, upon application of a pure torsion, φ, to an initially straight rod,
the centreline position remains unchanged. Thus, the Frenet-Serret frame, derived from the
centreline position, also remains unchanged. As we shall see, authors have proposed a variety
of ways to address this shortfall, predominantly by introducing additional dummy variables to
convert between the geometric and inertial frames, or in the case of Cosserat theory, by omitting
the geometric frame entirely.
The Cosserat theory of rods was first introduced to the computer graphics community by
3The geometric curvature κ, is related to the curvatures about the principal material direction κ1 and κ2 by
κ2 = κ21 +κ22
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Figure 2.16: Super-Helices for modelling curly hair [71].
Pai [70] for modelling sutures in virtual surgical environments. In an analogous fashion to the
reduced-order models discussed in Section 2.1, the strain field is modelled explicitly. Recovery
of the centreline (as opposed to the midplane) is performed as a post-processing operation by
integrating the tangent vector from an initial boundary point. This simplistic approach, rapidly
solved the Frenet equations using the shooting method. However, it suffered from numerical
sensitivity with regards to the initial conditions and proved problematic when coupled with a
contact solver. Issues with specifying positional constraints at both ends were also identified,
especially at the boundary where the integration terminated. However, the model was able to
produce accurate nonlinear behaviour at speeds suitable for virtual surgical applications. Whilst
still employing flexural strain as the independent variable, Audoly and Pomeau [3] developed
closed form helical solutions of constant strain. They derived their models from three-dimensional
elasticity and successfully applied them to assess the mechanics of curly hair. However, the major
drawbacks with explicitly modelling strain concern the recovery of the centreline, the imposition
of both positional and rotational constraints and the requirement for numerical methods to solve
anything other than simplistic geometries. Defining the kinematics purely in terms of strain
results in global displacements being highly sensitive to the initial position and orientation of the
chosen reference frame. The constant strain model for hair was extended by Bertails et al. [71] to
allow piecewise variation of the strain, such that the rod centreline was C1 smooth. The extended
description was shown to describe a variety of hair profiles from straight lines (degenerate case),
circles (planar case), helices and any piecewise combination in between, as shown in Figure 2.16.
Authors soon began to realise the shortcomings of explicitly modelling strain. Such an
approach was well posed for stability analysis of monolithic FRP shells or rods in isolation or in
the presence of well defined kinematics. However, the nature of the one-dimensional continua
comprising nonlinear lattices necessitates prescribing both positional and rotational boundary
conditions. The recovery of the centreline from the strain requires a numerically sensitive
integration procedure, leading many authors to develop models explicitly modelling centreline
position. Accordingly, purely position based models gained popularity within the computer
graphics community. They identified that the inclusion of torsional effects, both applying torsional
loading and describing initially twisted geometries requires more than purely position based
approaches. The position-based elastic rods approach proposed by Umetani et al. [72], discretely
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models the rod centreline and handles the orientation frames through the use of additional
ghost particles. Their model was extended to include dynamic effects, where, the orientations
where prescribed using quaternions [73]. The quaternion description allows for purely polynomial
system and constraint expressions, contributing to the models fast solution speed. However, the
authors explicitly stated that this model would be particularly physically inaccurate and would
require tuning to match physical experiments.
Stringent volume requirements have become an increasingly stronger design driver within the
aerospace community, this is also true of the automotive industry. A reduction of internal volumes
in car body panels coupled with an increase in onboard cabling has driven the need for enhanced
assembly process modelling. The complex rigging and branching of internal cabling systems
brings with it the need for enhanced virtual prototyping, where previously rigid bodies are now
required to be flexible [74, 75]. Grégoire and Schömer [74] insightfully discussed the learning
process they endeavoured to address this challenge.4 Initially, they modelled strain explicitly,
analogous to [70] and solved the resulting boundary value problem with the shooting method.
Therefore, it was susceptible to the same shortcomings discussed earlier. Subsequently, they
attempted to build upon the geometric description of a frame space curve, were the Frenet-Serret
frame of a discrete centreline was coupled with an additional rotation variable to map between
the geometric and inertial frames. This method, however, was not very robust, especially where
the rod exhibited inflection points or small local curvatures. Explicit formulas for the torsion and
curvature were also trialled but observed to be highly sensitive to noise in the position variables.
As opposed to previous efforts that explicitly modelled the centreline or the strain vector
and solved the Frenet-Serret equations to convert between the two, Grégoire and Schömer [74]
proposed a mixed coordinate method. Positions describe the centreline, but the inertial frame is
defined by a finite rotation relative to a fixed reference frame, independent of the centreline. The
natural choice within the computer graphics community is to use quaternions to parametrise
the rotation field. The two fields are coupled via a geometric constraint which enforces one of the
directors of the inertial frame to be coincident with the tangent vector of the centreline. This
constraint also enforces the rod to be unshearable, when coupled with a large tensile stiffness
(pseudo-inextensibility) such behaviour reduces the Cosserat rod to a Kirchhoff rod. A final
constraint enforces the quaternions have unit norms, and thus represent pure rotations. Using
mixed variables in this manner allows positional and rotational boundary conditions to be applied
directly. The model was shown to capture a variety of nonlinear phenomena associate with the
writhing of cables including helical perversions and torsional buckling, in addition to being
suitable for handling collisions.
The CORDE model proposed by Spillmann and Teschner [76] is an extension of the mixed
coordinate quaternion method proposed by Grégoire and Schömer [74] to include dynamic effects.
They employed a combination of manifold projection, penalty methods and Lagrange multipliers
4An adventure this author also endured in order to arrive at the framework presented in this thesis, as detailed
in Section 1.3.
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to enforce their geometric constrains, striking a favourable balance between accuracy and runtime.
The use of quaternions, coupled with a linear spatial discretisation of the position and quaternions,
allowed for a purely polynomial system definition. They demonstrated that through decoupling
the state equations, the system could be solved at interactive rates. A variety of nonlinear
behaviours were reproduced, including plectonemes when coupled with a contact algorithm. Their
work was furthered to accommodate branching rods, or closed loops of connected rods described
as Cosserat nets [77]. Although torque transfer was permitted across the intersections of the
continua, the formulation resulted in a rather non-physical interpretation of the torque on the
joints, yet the results were physically plausible. Interestingly they demonstrated that such a grid
of rods can emulate the behaviour of cloth, a phenomena previously postulated by Baek et al.
[67].5
In efforts to reduce the number of degrees of freedom (DoFs), and thus runtime, reduced-
order models explicitly modelling the centreline regained popularity [78]. They exploited the
relationship between the twist-free Bishop frame and the inertial frame. The Bishop frame, a
unique non-twisting geometric frame specially adapted to the centreline [79], is analogous to
the Frenet-Serret frame in that the rotation around one of its basis vectors (tangent) is always
zero. In [78], the Bishop frame is coupled with an additional scalar variable to define the twist
angle (around the tangent) between it and the inertial frame. The two frames, and hence the
angle between them is defined edgewise, hence for a model with N discretisation points, their
reduced-order model has 4N−1 DoFs, as opposed to the 7N−4 for the CORDE model. Bergou et al.
[78] exploited the parallel transport of the Bishop frame (about the binormal) and the holonomy
of the transported frame back onto itself to derive the torsional forces in their description.
They employed this model to quantitatively compare against a variety of nonlinear phenomena,
including helical perversions, helical buckling (analytical agreement), knots, Michell’s instability
and plectonemes when coupled with an appropriate contact algorithm. Its versatility and reduced
DoFs has made it favourable to implement in CAD packages and structural analyis of elastic
gridshells [67, 80].
Development of Cosserat models by Pai [70], Spillmann and Teschner [76] and the reduced
order models proposed by Bergou et al. [78] has allowed a broad portfolio of one-dimensional
nonlinear phenomena to be captured. Interestingly, as the needs of the community evolved
alongside available computer power, model maturation has favoured developments akin to
those employed within the engineering community. As visual plausibility often drives model
developments, it is unclear which (if any) of these models are suitable for accurately capturing the
equilibrium manifold used to asses the behaviour of nonlinear lattices. The non-trivial kinematic
relationship imposed by the hinge connector requires application of both rotational and positional
constraints. Therefore, high-fidelity numerical models are required to control and capture the
behaviour of the nonlinear lattices of interest in this thesis. However, the frameworks proposed
5This model was compared to FEA for a pendulum and shown that the rotational inertia needs to be tuned to
match with experimental data.
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by Bertails et al. [71] and Bergou et al. [78] demonstrate avenues other than FEA may be suitable
for certain structural analysis applications.
2.3.2 Engineering community
Since the pioneering work of Euler and Bernoulli, engineers have sought ways to extend their one-
dimensional continua models to include the nonlinear behaviour of rods; highly slender elastic
bodies capable of three-dimensional loading and finite deformation. Much of the pioneering work
that underpins the modern understanding can be attributed to the Cosserat brothers, Kirchhoff,
and Love [81, 82]. They developed much of the mechanical foundations required to describe
the rods as framed space curves, as we saw in Section 2.3.1. Their work was later expanded
upon by Antman [83], who relaxed some fundamental kinematic restrictions, allowing for shear,
variable loading regimes and non-symmetric cross sections. Reissner [84] reparametrised the
director approach proposed by Antman [83] to develop a formulation for in-plane deformation. The
reparametrisation yielded a virtual work statement allowing for extension, shear and bending
under both point and distributed loading, with minimal kinematic assumptions. However, as is
often the case, these early works were limited simple geometries and loading regimes. The preva-
lence of FEA within the engineering community can be seen in both industry and academia. This
prevalence has produced an abundance of element formulations, with many rods formulations
based on [84]. Nuances between the models can be subtle, arising from kinematics, balance laws,
rotation parametrisation, interpolation schemes, shape functions, primary variables, model order
reduction and discretisation procedures. With many formulations sharing a common ancestry,
they offer little variation with regards to numerical accuracy and performance; advantages are
often application specific. Therefore, as no clear front runner exists, the benefits and limitations
of the different approaches should be well understood.
One of the more seminal pieces of work from the engineering community was presented by
Simo [85], he developed what would later be described as a geometrically exact formulation;
a full three-dimensional dynamic version of the model proposed by Reissner [84]. This three-
dimensional model allows for extension, shear, torsion and bending. The configuration space
of the rod is described by a series of connected positions representing the centreline, coupled
with a finite rotation prescribing the orientation of the cross section at every point along the
centreline. Therefore, the configuration space of the rod is R3 ×SO(3). This mixed coordinate
approach is analogous to those seen in [74, 76]. A Galerkin-type finite element discretisation
was subsequently presented in [86] and later extended to include the effects of warping [87]. The
FEA formulation in [86] was shown to be highly robust at capturing a variety of one-dimensional
nonlinear phenomena.
The tangent operator proposed by Simo and Vu-Quoc [86] was shown to comprise an elastic
and geometric part. Although the elastic part is always symmetric, the geometric part, containing
information about the rotation parametrisation, is generally, non-symmetric. Upon parametrising
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their rotation field with the rotation tensor, Simo and Vu-Quoc [86] noted that the resulting
configuration space is nonlinear. Therefore, a multiplicative update procedure is required to
correctly handle the rotations. They exploited the exponential map of skew-symmetric matrices,
arising from the incremental rotation vector along with the Rodriguez formulas to derive consis-
tent update algorithms and strain measures. The (non-)symmetry of the tangent operator has
intrigued many other authors [88–90]. It was interestingly demonstrated that commutative rota-
tions such as the semi-tangential ones proposed by Argyris [90] will always provide a symmetric
operator. They attributed this to the absence of high-order terms in the rotation parametrisation,
regardless of update procedure. For general, non-commutative finite-rotations, such as those seen
in [86], the multiplicative update procedure will, in general, lead to a non-symmetric tangent
operator.
Since its introduction, the geometrically exact formulation proposed by Simo [85] has driven
authors to enhance the communities understanding of one-dimensional mechanics by applying
general finite elasticity to the continua of rods [3, 91, 92]. Chadha and Todd [91], for example,
presented and extensive derivation of the reduced balance laws from first and Hamilton’s princi-
ples. Interestingly, they noted their work acts as a prelude to the identification of conservation
laws relating to Noether’s theorem for one-dimensional continua. Although this subject has also
been touched upon by Audoly and Pomeau [3], it has currently received little attention from the
research community. Auricchio et al. [92] demonstrated how rods are a specific reduced case of
three-dimensional finite elasticity. Here, upon extended polar decomposition of the deformation
gradient and the subsequent construction of the Green-Lagrange strain tensor. They revealed the
model proposed by Simo [85] to be a finite-deformation small-strain formulation when assuming
a linear elastic constitutive relationship.
Others authors were interested in the choice of rotation parametrisation on the resulting
formulation. For decades, the adventure associated with parametrising finite rotations has
been a pertinent challenge across many communities. Modellers seek global and singularity
free parametrisations using the minimal number of variables. A variety of parametrisations
have been applied to rod theories including, but not limited to, quaternions [93, 94], axis-angle
vector [86], conformal rotation vector [95], incremental rotation vector [89], spin vector and semi-
tangential rotations [90]. It has been establish that at least four variables are required to obtain
a global and singularity free parametrisation of SO(3) [96]. Hence, quaternions, exactly meeting
this requirement, have gained popularity in many communities. However, the solid mechanics
community has yet to fully explore the potential benefits offered by quaternions. Earlier, we
saw how the choice of parametrisation can be highly influential on the symmetry of the tangent
operator, update procedure, implementation considerations, technological compatibility and
DoFs [88, 89]. However, it is interesting to note that a considerable amount of literature and
some commercial FEA packages (Abaqus), use the incremental rotation vector. In such cases,
the Rodriguez formulas are employed to map between the rotation vector into the rotation
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tensor. Strong legacy requirements for proprietary element formulations and solution algorithms
severely hinder the ability to freely change parametrisation in commercial software. As we saw
in [86], numerical issues can often be mitigated by limiting step sizes or when the total rotation
is close to the poles, variables can be mapped into the singularity free quaternion space.
In an academic setting, authors have more freedom when selecting a rotation parametrisation.
Accordingly, authors have begun to explore the benefits of employing entirely quaternion based
descriptions to describe the continua of rods. One such formulation, proposed by Zupan et al.
[93], employed a collocation-type discretisation to solve the strong form of the one-dimenisonal
balance laws. They also presented a consistent multiplicative update procedure for use with the
quaternions, by exploiting the exponential map. The issues with using conventional superposition-
based shape function interpolation in the nonlinear quaternion space was identified. Authors
argue that mesh refinement and increasing shape function order are preferable than using
non-conventional techniques such as spherical linear interpolation (SLERP) or interpolation of
the strains [75, 97].
Another formulation was proposed by Zupan et al. [94], which employed the quaternion
algebra directly within a modified version of the virtual work statement presented in [85]. The
linearisation of the system is significantly simpler in the quaternion algebra, owing to the
purely polynomial form of the rotation operation, a salient feature we have already seen authors
exploit [74, 76]. Unfortunately, the influence of the chosen rotation parametrisation (and the
associated Lagrange multiplier) on the structure and/or symmetry of the tangent operator was
not discussed. However, it was demonstrate in [88] that multiplicative update procedures will
generally generate a non-symmetric operator, this behaviour conforms the authors observations.
Although both [93] and [94] were able to reproduce the nonlinear phenomena reported in [86],
nuances associated with the choice of parametrisation on the formulations numerical stability
were not reported.
In addition to being a global and singularity free parametrisation of SO(3) using the minimal
variables, the quaternion rotation operation is purely polynomial [96]. Accordingly, system
definitions employing such a parametrisation are often themselves, purely polynomial. Authors
sought ways to exploit this polynomial form by solving their polynomial systems using the
Asymptotic Numerical Method (ANM); a continuation algorithm that approximates the solution
of the variables in polynomial form [99]. Authors applied this semi-analytical path-following
technique to the continua of rods [75, 98]. We already saw continuation algorithms being employed
for stability analysis and parametric exploration of adaptive structures in Section 2.1. Where,
this robust class of solution algorithms were able to reveal richer equilibrium manifolds than
previously documented [8, 9, 32, 53]. Similar finding were reported by Cottanceau et al. [75]
who observed undocumented out-of-plane equilibrium branches when investigating deep arches
subject to in-plane loading. Lazarus et al. [98] employed a finite difference scheme similar to the
CORDE model proposed by Spillmann and Teschner [76] to investigate the problem of writhing
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Figure 2.17: Extreme writhing of an initially straight rod using a bespoke experimental setup
and the ANM Lazarus et al. [98]. The twisted profile of the rod from both the experimental
and numerical methods for torsion angles of 150°, 900°, 1800° can be seen in (a), (b), and (c),
respectively. The formation of a plectoneme is observed in (d), a phenomena the ANM cannot
capture without contact.
due to extreme twisting, a complex problem that has drawn significant interest from researchers
in the past. They verified their recasting using a series of bespoke experimental tests, where.
they qualitatively matched the deformation profiles and the twist angle for an initially straight
rod, as shown in Figure 2.17. Exploiting the polynomial form by coupling the resulting system
definitions with the ANM, produces an extremely attractive analysis framework when designing
adaptive structures with complex nonlinear equilibrium manifolds. However, the use of such a
versatile tool kit with regards to lattice structures reported in Section 2.2, has yet to be fully
explored.
2.4 Identified research avenues
Developments within the morphing community have established elastic instability’s suitability as
a candidate for driving shape adaptation. Accordingly, a rich variety of designs have been proposed,
which have repeatedly demonstrated mechanical and thermal pre-stress to be significant factors
in augmenting stability behaviour. Describing the curvature and twist of helices based on their
orientation on the surface of a cylinder allowed insightful exploration of the design spaces of
these multi-stable structures. Subsequently, a trend of hierarchical design emerged from the
morphing community, where, authors used bi-stable shells as the base units for their multi-stable
assemblies. Although synergistic behaviour was sought, it was not always achieved. The resulting
hierarchical designs were often geometrically complex, placing them beyond the scope of the
original analytical descriptions. As such, researchers sought to preserve the cylindrical analogy
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by employing helical continua as the base units in their designs. In efforts to expand the design
space authors demonstrated lattice topologies on surfaces with non-zero Gaussian curvature
may offer additional exploitable behaviour. However, the increased geometric complexity again
required numerical analysis tools to assess the potential of these designs.
A variety of numerical techniques were identified as suitable candidates for describing the
one-dimensional continua comprising the lattice. These numerical approaches, when coupled
with enhanced solution algorithms demonstrate a diverse catalogue of nonlinear phenomena can
be captured. Each phenomena bringing with them the opportunity for enhanced functionality.
However, the question still remains as to how these nonlinear phenomena can be systematically
controlled; a nascent and flourishing field of research in itself. Therefore, to better understand
and exploit the enhanced functionality offered by nonlinear lattice structures, and in keeping
with the motivations outlined in Chapter 1, this literature survey has identified the following
fertile avenues of research:
1. exploit the well understood mechanics of the cylindrical lattice in the design of synergistic
hierarchical assemblies for developing enhanced stiffness and stability behaviour;
2. relax the kinematic constraint that requires the lattices to remain on the surface of the
constraining cylinder, allowing the helical base unit to have variable radius and pitch,
where additional exploitable behaviour and thus enhanced functionality may be envisaged;
3. utilise robust numerical methods capable of capturing the complex nonlinear behaviour
driving shape adaptation. Ideally these methods should facilitate parametric studies of
relatively complex geometries with minimal computation effort. This is especially pertinent
with regards to relaxation of the cylindrical constraint, where, descriptions of the kinematics
of such lattices are not fully matured.
This surmises the need for novel lattice geometries and assemblies whilst concurrently enhancing
analysis techniques already established within the literature. This is especially important for
analysing designs exhibiting elevated geometric complexity, where, the inherent dependence on
FEA is often stifled by bottlenecks associated with remeshing. Performing parametric studies on
nonlinear lattice structures will inherently require investigating the composition of pre-strain
and the use of FEA. Therefore, we require tools that minimise or mitigate such issues, a shortfall











Geometric complexity is investigated through exploiting synergistic behaviour withina hierarchical system of nonlinear cylindrical lattices. The system, an effectivelyone-dimensional structure, comprises multiple cylindrical lattices that act as one-
dimensional nonlinear springs in parallel. It is demonstrated that the energy of the system
can approximate any polynomial energy, and thus, by Weierstrass approximation theorem, any
continuous function. When viewed in this manner, the system’s response behaviour, typically
an output in structural analysis, is treated as an input; desired response behaviour is defined a
priori, with the necessary geometric and material parameters an output of the design process.
This work has been published in [24]. In Sections 3.2 and 3.3, the results of Pirrera et al. [1]
are reproduced and then recast, allowing for a description of individual lattices based on axial
extension instead of radial dimension [2]. In Section 3.4, the description of the energetic profile
of the single lattice is extended to that of a coupled system of multiple lattices. The resulting
series-like description and a systematic algorithm to design for bespoke nonlinearity are pre-
sented in Section 3.5 and Section 3.6, respectively. Several examples of engineered behaviour
are presented in Section 3.8 showing the flexibility of the design space and highlighting how the
system can exhibit increasingly complex behaviours including tailored deformation-dependent
stiffness, snap-through buckling and multi-stability. Finally, conclusions are drawn in Section 3.9.
3.1 Introduction
Historically, geometric nonlinearities have been avoided by structural engineers. This is often due
to the need to simplify the design process and limit the sensitivity to design parameters in order
to create robust, repeatable behaviour. Moreover, elastic nonlinearities are often synonymous
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with sudden catastrophic failure. However, recent advances in material construction processes,
e.g. 3D printing, and the availability of advanced computational/experimental analysis methods
have permitted a relaxation of this design conservatism [8, 100–103]. In particular, computation
has permitted the probing of complex nonlinear design spaces with resultant improvements such
as reduced structural weight, increased robustness, or additional functionality [37, 100].
In general, the potential for multifunctional designs to reduce system part count is particularly
attractive from the perspectives of structural weight and minimal design philosophy. However, a
trade-off ensues. Conventional components are stiff and movement is achieved through mechan-
ical joints, such as hinges. To eliminate mechanical joints but retain operational load-bearing
capacity, greater control of stiffness and form is required at both global and local structural
levels [104]. In this context, nonlinear elastic deformations are an attractive means for robust
and repeatable shape and stiffness adaptation. The desire to explore and exploit nonlinearity has
motivated more complex descriptions of the underlying mechanics. For instance, with structures
capable of large deformations, geometrically nonlinear stress analysis is often involved in the
design process [105–108].
An emerging and somewhat more challenging task than describing the nonlinear response of
a structure under loading is its inverse, i.e. designing a structural topology and material system
to exhibit a specific nonlinear response. The need for bespoke elastic responses has arisen in many
fields including energy absorption [109], robotic and MEMS actuation [105, 110, 111], extreme
thermoelastic devices [112], and flow regulation valves [37, 38]. The strength of the nonlinearity
in these bespoke responses is often limited so it can be realised and manufactured. In cases
where the nonlinearity is unconstrained, a discussion of how such responses can be realised with
current design and manufacturing technologies is often omitted. In the instances where physical
systems have been fabricated, they are of little use outside of the intended application [109].
Therefore, a universal design framework able to achieve an arbitrary nonlinear response in a
systematic manner would be immensely valuable to the wider engineering community.
Bespoke nonlinear elasticity has already been investigated by some authors. Typically, the
focus has been on finding and coupling suitable problem parametrisations with nonlinear FEA
solvers and optimisation algorithms [105–108]. Due to the complexity of the underlying structural
models, the process of tailoring nonlinear responses has often been reported as computationally
expensive. As an example, Jutte [113] successfully utilised topology optimisation, coupled with a
nonlinear FEA solver, on a two-dimensional network of geometrically nonlinear curved beams.
The level of achievable nonlinearities was restricted though, with buckling or snap-through
behaviours excluded. A variety of nonlinearities were observed, including constant and nonlinear
strain hardening and softening curves.
In the context of nonlinear lattice structures, Pirrera et al. [1], inspired by the behaviour of
the virus bacteriophage T4, explored the design space of geometrically frustrated helical lattices
(See Figure 2.9) demonstrating robust, elastic multi-stability. Similar structures, with a focus on
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the handedness of their auxetic properties, were investigated by Lipton et al. [114]. Also of note
is the work on gridshells by Baek et al. [67, 80], where the authors investigate the shape and
rigidity of shell-like structures arising from the buckling of initially planar grids of rods.
To the authors’ knowledge there are currently no tools capable of designing a one-dimensional
system to exhibit arbitrary nonlinear extensional responses. We address this deficiency by
presenting a system that can be constructed as an assembly of well-understood nonlinear, spring-
like ‘units’. The units’ behaviour is described by means of a simple analytical model, which
provides insight into the system’s mechanics while requiring minimal computational effort for
design. As units are added to the assembly, new aspects of behaviour may be observed. In essence,
as we increase the complexity of the system, richer responses can be achieved without increasing
the complexity of the description of the system. Following this mechanism, we are able to design
nonlinear spring-like systems that can achieve a plethora of desirable response characteristics.
In the present work, the fundamental units are helical lattices like that illustrated in Fig-
ure 3.1. This structure was first presented in [1], where robust nonlinear features, such as
multi-stability, were observed for various ranges of lattice geometry, stiffness, and pre-strain.
This lattice acts as an effective one-dimensional spring, the behaviour of which may be described
succinctly using its energetic profile under extension. Here, multiple helical lattices are coupled
through rigid connections, in arrangements similar to those presented in [114] whilst preserving
the kinematic assumption outlined in [1]. We demonstrate the appearance of new response
characteristics that are unobtainable via a single lattice in isolation. Besides, further behaviour
continues to emerge with additional geometrically-distinct lattices.
Mathematically, linking lattices changes the system’s energy in a manner that resembles a
series expansion. We demonstrate that this offers sufficient design freedom to approximate any
polynomial energy, and thus to approximate any continuous energy to any desired accuracy in
L∞. In particular, we can prescribe the positions and stability of the system’s equilibria, as well
as its stiffness as a function of extension. In short, we can design a bespoke nonlinear elastic
response. We present a systematic approach to obtaining the design parameters for individual
lattices and the overall system assembly requirements.
3.2 Kinematics and elastic energy of single lattices
Let us consider a generic helical lattice—as depicted in Figure 3.1a—consisting of N pairs of
anisotropic helices, kinematically constrained to lie upon the surface of a reference cylinder of
radius R. Pirrera et al. [1] developed an analytical formulation to describe the mechanics of such
a system, based on the elastic energy of the helical strips.
The lattice is assumed to be loaded at its extremities and along the longitudinal axis (i.e.
the X direction), and to extend or compress as a result of that. The deformation of the lattice is
subject to the following constraints:
41






















b Planar projection of lattice. c Representative unit cell.
Figure 3.1: Sketch of a typical lattice comprising four helical strips (i.e. N = 2) on the surface of
its constraining cylinder and its planar representation. Amended from [1].
1. the helices are hinged where they intersect, so that the points (in the reference configura-
tion) at which the helices overlap do not change whilst permitting a scissoring motion;
2. the entire family of helices remains on a (single) cylinder (whose radius and height can
change);
3. the helices deform uniformly and consequently the deformation of the unit cell (cf. Fig-
ure 3.1) is representative of the deformation of the cylinder;
4. the change in arc length of the helices is small and can be neglected.
Consequently, as a whole, the lattice behaves like a single degree of freedom pseudo-mechanism
upon elongation/compression. The variable h ∈ [0, l], indicated in Figure 3.1, is used to specify the
state of the system.
As in Pirrera et al. [1], we represent generic anisotropic material properties referring to
Classical Laminate Theory [115], for its convenient notation. Thus, the force and moment stress
resultants per unit width in the helices’ cross-sections, N and M respectively, are related to the
helices’ curvatures, κ, and mid-plane strains, ε, via the A, B, and D stiffness matrices, taking



























a= A−1, b =−A−1B, d = D−BA−1B. (3.2)
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N>aN +κ>dκ) . (3.3)
Equation (3.3) conveniently separates the bending and stretching energy terms, which allows us
to make a final approximation to simplify and retrieve the system’s governing equation. That is,
if we assume the lattice behaviour to be dominated by bending and twisting deformations, the







3.3 Unit cell formulation
Figure 3.1 illustrates the lattice geometry schematically, its development into a plane, and the
representative unit cell upon which the lattice behaviour can be modelled. Herein, we limit
right- and left-handed helices—denoted by subscripts ·+ and ·−, respectively—to have equal and
opposite pitch, θ. This restriction ensures unit cells are rhombi and prevents the lattice from
twisting upon extension [1]. In addition, and conveniently for the current purposes, it creates a
bijective correspondence between R and h [1], permitting the lattice extension to be used as the
single degree of freedom to characterise the system [2].
3.3.1 Total potential energy of a unit cell
With the unit cell representation, it is sufficient to consider the total potential energy of the
constitutive cell to describe overall lattice behaviour. For simplicity, but without loss of generality,
it is assumed that each right-handed helix has identical dimensions, stiffness and mechanical
pre-strain and that these properties are constant along the length of the helices. A similar
commonality is shared between left-handed helices. Using (3.4), the energy of the representative







where 2πlN is the cell’s side length and w± the strip’s width. The model by Pirrera et al. [1] considers
axial, ·x, and twist, ·xy, components of curvature. Moreover, the total curvature comprises two
additive terms: the curvature developed by the helices upon deformation while conforming to the












which is included in the energetic formulation with the corresponding terms of the reduced
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where, from Figure 3.1,
R = 2
√
l2 −h2 . (3.9)
Equation (3.5) now may be expressed in terms of non-dimensional parameters.
3.3.2 Non-dimensional form











κ̄± = 2lκ±, (3.10c)










































)−2ϕ̄(ῡx−+ ε̄−ῡxy−) , (3.12d)
b2 = 2ε̄+−2ϕ̄ε̄−. (3.12e)
For feasible systems, the stiffness coefficients must guarantee the positive definiteness of d̄± and
thus we require
ϕ̄> 0, (3.13a)
δ̄± > 0, (3.13b)
ε̄2± < δ̄±. (3.13c)
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Although the definition of the strain energy used herein only considers curvatures due to
mechanical loading and pre-strain, the description can be modified to include additional fields,
such as thermal, electromagnetic, piezoelectric, pH and moisture [112]. The effects of these fields
on curvature offer additional avenues to manipulate the energy landscape of the system. In other
words, the fields can be used, either in isolation or synergistically, to enhance the tailorability of
the lattice. For instance, both the equilibria and their characteristics of stability can be tuned to
change with temperature, creating nonlinear cyclic thermal actuators or highly tuned coefficients
of thermal expansion beyond what is achievable by traditional materials [112].
3.4 Coupled lattice system
Although, as demonstrated in [1], a single helical lattice may be tuned to exhibit many desirable
nonlinear behaviours, it does not provide the designer with complete freedom to develop a
complete set of smooth energy profiles as a function of lattice extension. To overcome this
limitation, it is advantageous to consider the behaviour of multiple lattices coupled together.
Through the coupling of unique lattices, new responses are obtainable that cannot be achieved by
a single lattice in isolation. Developing this hierarchical system shows how, depending on length
scale, the tuning of nonlinear substructures can be considered analogous to the development of
architectured or meta- materials (see for instance [117]).
3.4.1 Lattices in parallel with common extension
Henceforth, coupled lattices are constrained to have the same extension. For clarity, we present
diagrams showing a two-lattice system, but the analysis and results are for systems with I ∈N
lattices.
Extension The ith lattice is composed of Mi bands of unit cells in the axial direction and Ni
bands in the circumferential direction, as illustrated in Figure 3.2. In this Section, i = 1,2, . . . , I,
unless specified otherwise. From the geometry of the unit cell (see Figure 3.1), one can deduce
that the maximum lattice extension is 4πL i, where
L i = Mi l iNi
. (3.14a)
Since the lattice system locks when any lattice reaches full extension, the maximum possible




Let the global extension of the system be 4πH, for H ∈ [0,L]. This global extension can be related
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a System in partially extended state. b Locking at maximal extension of lattice.
Figure 3.2: Plan form diagrams of a coupled lattice system with two elements. Showing (a) a
partially extended state, and (b) locking due to maximal extension of second lattice.
Then, the normalised extension of the ith lattice, h̄i (see (3.10a)), can be related to the normalised
extension of the system, H̄, through a parameter ψi:
h̄i =ψiH̄, (3.15b)
where, using (3.14),









Lattice energy The energy of the ith lattice, ξi, may be obtained by multiplying the energy of




















w+i d11+i , (3.17a)
and the coefficients a0i, a1i, a2i, b1i, b2i are related to the material parameters δ̄i±, ε̄i±, ῡix±, ῡixy±, ϕ̄i
through (3.12). Note that
Υi > 0. (3.17b)
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and functions fψ, gψ : [0,1]→R+ given by
fψ(H̄)=
√
1− (ψH̄)2 , (3.20a)
gψ(H̄)=ψH̄ fψ(H̄)=ψH̄
√
1− (ψH̄)2 . (3.20b)
The A coefficients add no new behaviour to the lattice system compared to a single lattice since
the summation merely replaces one constant with another. Functions of the form Bi fψi (H̄) and
Ci gψi (H̄), however, contribute to the system energy with distinctive terms that a single lattice
cannot possess. As we shall see, a generic lattice system will feature behaviour that cannot be
reproduced by an individual lattice.


































(−b1iψ2i −3b2iψ3i H̄+2b2iψ5i H̄3) . (3.21b)
The stiffness, equilibria and characteristics of stability of the system can be deduced from these
expressions.
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Figure 3.3: Plan view of a concentric lattice system.
3.4.2 Concentric lattices
We can restrict the behaviour of the system by arranging the lattices in a concentric manner, as
illustrated in Figure 3.3. As the lattices are now concentric they are not permitted to intersect one
another. In other words, when the lattices are numbered outwards from the centre, Ri 6Ri+1.
Since, from (3.9), (3.14) and (3.15), the radius of the ith lattice can be written as
Ri = 2l i
√
1− (ψiH̄)2 ,
the restriction Ri 6Ri+1 is equivalent to
l i
√
1− (ψiH̄)2 6 l i+1√1− (ψi+1H̄)2 , (3.22)





























where we have used (3.14a) and (3.15c). Enforcing (3.23) for i = 1, . . . , I −1, we obtain the range






















if l i 6 l i+1 for i = 1, . . . , I −1; and empty otherwise. (Here we have taken into account that the
range of H̄ is [0,1].)
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Absence of radial self-intersections An immediate deduction from (3.23) is that radial
self-intersections do not occur when, for all i = 1, . . . , I −1,




since under these conditions the inner maximum on the right of (3.24) is vacuous, and the inner
minimum on the left is non-positive. By a similar reasoning radial self-intersections do not occur
also when, for all i = 1, . . . , I −1,








under which radial self-intersections do not occur. This would allow optimisation to be conducted
in two stages: First, the continuous design parameters for achieving the desired response can
be obtained, assuming maximal range of motion. Second, banding numbers Ni, Mi and unit cell
lengths l i are chosen to avoid radial self-intersections. See §3.8 below for examples.
3.5 Taylor expansion of the system energy
In this section we derive the Taylor expansions of the system energy (3.18) and present related
results that are used in §3.6.
We denote the natural numbers 0,1,2, . . . by N, the L∞-norm of a continuous function
f : [0,1]→R by ‖ f ‖∞:
‖ f ‖∞ = max
x∈[0,1]
| f (x)|,
and the smallest/largest singular value of a square matrix M by σ±(M). In this section M and N
are natural numbers unrelated to the lattices in §3.4.
3.5.1 Taylor expansions of fψ and gψ
Let ψ ∈ (0,1], cf. (3.15c). Note that the maximal domain of fψ and gψ, defined in (3.20), is (− 1ψ , 1ψ ),
which strictly contains [0,1]. Thus fψ, gψ ∈ C∞([0,1]) are smooth inside and on the boundary of
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for H̄ ∈ [0,1], cf. (3.15d). Here, for conciseness, we have set







for n ∈N. It is convenient to also define, for n, N ∈N,
C2N =

c0 0 . . . 0








c1 0 . . . 0




0 0 . . . c2N+1
 ∈R(N+1)×(N+1). (3.26c)
Before we proceed we list some properties of c2n, c2n+1, C2N and C2N+1 which will be needed
later.
Remark 3.5.1.
1. |c2n| (and thus |c2n+1|) is a decreasing function of n.
2. C2N and C2N+1 are invertible.










2. This follows from c2n, c2n+1 6= 0 for n ∈N.
3. This is immediate from Item 1 above. 
3.5.2 Truncated Taylor expansions of fψ and gψ
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Note that even though cn < 0 unless n = 0, from (3.25), the polynomials above are positive for
H̄ ∈ [0,1].
By Taylor’s theorem we can truncate the expansions in (3.25). Given ε > 0, we can find
NP (ε) ∈N such that
fψ(H̄)= P2NP (ψH̄)+R2NP (ψH̄), (3.28a)
where R2NP (ψ·), which is the remainder in the Taylor expansion of fψ to order 2NP , satisfies





Since ψ ∈ (0,1] and H̄ ∈ [0,1], it follows that the remainder R2NP+1(ψ·) also satisfies
‖R2NP+1(ψ·)‖∞ < ε. (3.28e)
Similarly, again given ε> 0, we can find NQ(ε) ∈N such that
fφ(H̄) fψ(H̄)=Q2NQ (φ,ψ; H̄)+S2NQ (φ,ψ; H̄), (3.28f)
with the remainder S2NQ (φ,ψ; ·) satisfying
‖S2NQ (φ,ψ; ·)‖∞ < ε, (3.28g)
as before.
Remark 3.5.2. NP and NQ in (3.28) can be chosen so that the error, when (3.25) is truncated,
is bounded by ε, independent of ψ. To see this, note that the reminder terms in (3.28a), (3.28c)
and (3.28f) are continuous for (ψ, H̄) ∈ [0,1]2, which is a compact set. (Here we have extended the
domain of ψ to include 0 so as to obtain compactness.) Thus, to obtain bounds uniform in ψ, one
chooses Np to satisfy
sup
ψ∈(0,1]
‖R2NP (ψ·)‖∞ < ε, (3.29a)
instead of (3.28b). This implies
sup
ψ∈(0,1]
‖R2NP+1(ψ·)‖∞ < ε, (3.29b)
which is the uniform version of (3.28e). Similarly (3.28g) would be replaced by
sup
ψ∈(0,1]
‖S2NQ (φ,ψ; ·)‖∞ < ε. (3.29c)
In §3.5.4, we analyse the system energy using the expansions and bounds above. However,
before we do that, we present some properties of the Taylor polynomials in (3.27) that will be
required there.
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3.5.3 A basis for polynomials
Our first result is that the Taylor polynomials in (3.27) form a basis for the vector space of
polynomials:
Lemma 3.5.3. Let N ∈N and let ψi, i = 1, . . . , N +1 be distinct. Then
1. The N+1 polynomials P2N (ψi·), i = 1, . . . , N+1, defined in (3.27a) form a basis for the vector
space of even polynomials of order at most 2N.
2. The N +1 polynomials P2N+1(ψi·), i = 1, . . . , N +1, defined in (3.27b) form a basis for the
vector space of odd polynomials of order at most 2N +1.
To prove the lemma it is convenient to set, for I ∈N,
W(ψ1,ψ2, . . . ,ψI )=

ψ1 0 . . . 0




0 0 . . . ψI
 ∈RI×I , (3.30a)
which is invertible when ψi 6= 0, i = 1, . . . , I; and
VN (ψ1,ψ2, . . . ,ψI )=

1 ψ21 . . . ψ
2N
1










which is square iff I = N +1. Then, it is a Vandermonde matrix and is invertible when the ψi are
distinct (cf. e.g. Prasolov and Ivanov [118]).







c0 c2ψ21 . . . c2Nψ
2N
1























Now, the polynomials x2n, n = 0, . . . , N, form a basis for the vector space of even polynomials of
order at most 2N. Since both matrices in (3.31a) are invertible it follows that the same is true for
the polynomials P2N (ψn·), n = 1, . . . , N +1.
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c1ψ1 c3ψ31 . . . c2N+1ψ
2N+1
1























and the invertibility of the matrices in (3.31b). 
Combining the two assertions of Lemma 3.5.3 we immediately obtain:
Corollary 3.5.4. The 2N +2 polynomials P2N (ψn·), P2N+1(ψn·), n = 1, . . . , N +1 defined in (3.27)
form a basis for the vector space of polynomials of order at most 2N +1.
We shall refer to the basis in Corollary 3.5.4 above as the P-basis.
As our final result for this section we present, for later use, a bound on the singular values
of the square Vandermonde matrix VN (ψ1,ψ2, . . . ,ψN+1) defined in (3.30b). This immediately
follows, for the case ψ1,ψ2, . . . ,ψN+1 ∈ (0,1], of the result in [119, §3.2].












where σ− is the smallest singular value of VN (ψ1,ψ2, . . . ,ψN+1).
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3.5.4 Truncated Taylor expansion of the system energy
From the Taylor expansions in (3.28), given NP ∈N, we have a Taylor expansion for (3.18):






Ci gψi (H̄) (3.18)





























































The terms of order 0, 1 and 2 have contributions from A0, A1 and A2, respectively, but the
higher-order odd and even terms follow the pattern of the terms of order 3 and 4, respectively.
From (3.28), the L∞-error in (3.33a) is















As our last result for this section we write the Taylor expansion (3.33) in the P-basis (cf.
Corollary 3.5.4 and (3.27)).
For the even coefficients of the polynomial in (3.33b), using (3.30), we obtain,

A0 + c0 ∑Ii=1 Bi
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Similarly, for the odd coefficients of the polynomial in (3.33b) we have,


























3.6 Lattice systems approximating a prescribed energy
function
Nonlinear structural behaviour is being increasingly adopted as a mechanism to enhance
functionality—seen across many industries and length scales—thanks to advances in both
meta-material and structural analysis techniques. Accordingly, the presence of nonlinear struc-
tural behaviour has not only opened up novel design freedoms, it has also generated the need to
exert greater control in the response space. With structures capable of exhibiting increasingly
complex nonlinear behaviours, designed to impart enhanced functionality, researchers are now
seeking to understand both the features and limitations of this new design paradigm.
With the emphasis now on manipulating the response space, designers are afforded greater
geometric and elastic freedoms i.e. they are often no longer constrained to a given thickness, cross-
sectional area, bending stiffness, material system, fibre architecture, etc. as done in conventional
(linear) design. This new nonlinear design paradigm facilitates exploiting an extended range of
elastic and material parameters. However, a fundamental question remains; if, and if so, how can
these new freedoms be harnessed to tailor the response behaviour in a robust and systematic
manner?
Using the structural geometry of the nonlinear lattice and the proposed description of a
system of nonlinear lattices which share a common extension, this section demonstrates how
to systematically design such a system to exhibit a given nonlinear elastic response to within a
predefined tolerance.
Up until now, we have developed a description of the behaviour of a system comprising
multiple nonlinear lattices, acting as nonlinear springs in parallel. The irrational terms in the
description of the system’s potential energy were expanded to produce an entirely polynomial
description of the energy landscape (and its derivatives). Where, it was seen that the resulting
description of the system acts as a superposition of polynomial energies arising from the individual
lattices. Thus, by tailoring the behaviour of each lattice, we can tailor the behaviour of the system
as a whole.
That is to say, in this section, we prove our main result, namely, that given ε > 0 and an
energy E ∈ C([0,1],R), a lattice system can be constructed whose energy, is approximately E up
to an additive constant, with L∞-error no more that ε.
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In fact, it suffices to show this for polynomial energies since, from Weierstrass approximation






In light of this, we will show that, given ε> 0 and a polynomial energy EP : [0,1]→R, a lattice
system can be constructed whose energy, Ξ, is approximately EP , up to an additive constant, E0,
with L∞-error no more than ε2 :
max
H̄∈[0,1]
∣∣∣EP (H̄)−Ξ(H̄)−E0∣∣∣< ε2. (3.36b)








We will prove this assertion in two steps: First we will show in Theorem 3.6.2 that, given a
polynomial energy EP : [0,1]→R, of the form
EP (H̄)= e0 + e1H̄+ e2H̄2 + e3H̄3 +·· ·+ e2N+1H̄2N+1, (3.37)
there exists an appropriate choice of lattice system parameters such that the system energy (3.18)
differs from EP by no more than ε2 in L
∞. Then, we will show in Theorem 3.6.3 that lattice
systems with these parameters, with the possible exception of the constant term A0 in (3.18), can
actually be constructed.
Remark 3.6.1. For convenience, we will allow for the possibility that e2N+1 = 0 in (3.37). This
allows us to assume, with no loss of generality, that the highest power of the polynomial EP is
odd.
3.6.1 Approximation of polynomial energies
Theorem 3.6.2. Given ε> 0 and a polynomial EP of order either 2N or 2N +1, for some N ∈N,
there exist
I ∈N, (3.38a)
ψi ∈ (0,1], i = 1, . . . , I, (3.38b)
A j ∈R, j = 0,1,2, (3.38c)
Bi,Ci ∈R, i = 1, . . . , I, (3.38d)
such that the lattice system energy (3.18) differs from EP by no more than ε2 in L
∞.
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Proof. From Remark 3.6.1, we may assume that the highest power of H̄ in EP is 2N +1. Set













where R2NP and R2NP+1 are defined in (3.28a) and (3.28c); this is possible by Remark 3.5.2.
Now suppose ψi ∈ (0,1], i = 1, . . . , I are distinct. Then, we can write the polynomial EP in the
P-basis (cf. Corollary 3.5.4 ff.), i.e. P2N (ψi·),P2N+1(ψi·), i = 1, . . . , I, defined in (3.27); indeed, we
can write it as a (non-unique) combination of P- and monomial-bases. To do so we would find









































The existence of solutions to these equations follows from the invertibility of the four matrices
in (3.40), see Remark 3.5.12 and (3.30) ff. The solution space is three-dimensional as can be seen
by observing that solutions exist for any A0, A1, A2, and are unique once these are fixed (again,
by invertibility of the four matrices that appear in (3.40)).
Now choose A j, j = 1,2,3, and let
Ee =max(|e0 − A0|, |e2 − A2|, |e4|, . . . , |e2N |) ,
Eo =max(|e1 − A1|, |e3|, . . . , |e2N+1|) .




(cf. (3.34) and (3.39)). In other words, the image of a ball of radius D under the linear map
C2N VN (ψ1,ψ2, . . . ,ψI ) needs to contain a ball of radius Ee; and the image of a ball of radius D
under the linear map C2N+1 W(ψ1,ψ2, . . . ,ψI )VN (ψ1,ψ2, . . . ,ψI ) needs to contain a ball of radius
Eo. This is equivalent to the requirement that
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> EoD . (3.42b)
Now choose ψi ∈ (0,1], i = 1, . . . , I, distinct so as to satisfy (3.42); this is possible since the
expressions on the left in (3.42) can be made arbitrarily large by choosing as many ψis as
necessary to be sufficiently close to each other.
Finally let Bi,Ci, i = 1, . . . , I solve (3.40). By the construction above (3.41) is satisfied.
The lattice system with the parameters chosen above has energy given by (3.18). By (3.33a),
(3.33b) and (3.35) and (3.40), the Taylor expansion of this energy to order 2N +1 is precisely
the given polynomial EP . From (3.34), (3.39) and (3.41) the error introduced by the Taylor
approximation is bounded by ε2 . 
3.6.2 Existence of lattice systems with required energy
Next we show, in Theorem 3.6.3, that a lattice system can be constructed that attains the energy
in Theorem 3.6.2, up to an additive constant. We do this by showing that, for each lattice in the
system, the material parameters δ̄±, ε̄±, ῡx±, ῡxy±, ϕ̄ and the geometric-material parameter Υ can
be chosen so as to yield the coefficients (3.38) required by Theorem 3.6.2, except possibly for A0.
In fact we shall show that this is possible even when we impose the additional constraints
δ̄+ = δ̄−, (3.43a)
ε̄+ = ε̄−, (3.43b)
ῡx+ = ῡx−, (3.43c)
ῡxy+ = ῡxy−, (3.43d)
on each lattice in the system.
Theorem 3.6.3. Given the coefficients in (3.38), i.e. given
I ∈N,
ψi ∈ (0,1], i = 1, . . . , I,
A1, A2 ∈R,
Bi,Ci ∈R, i = 1, . . . , I,
there exist δ̄i±, ε̄i±, ῡix±, ῡixy±, ϕ̄i,Υi ∈ R, i = 1, . . . , I, satisfying (3.13), such that (3.12b)–(3.12e)
and (3.17b) are satisfied.
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Note that A0 is omitted from the list of coefficients in (3.38) since the energy of the lattice
system in Theorem 3.6.3 is allowed to differ from the energy of the lattice system in Theorem 3.6.2
by an additive constant. Similarly, in the proof below we will omit (3.12a) from the (3.12).
Proof. Pick Υi > 0, i = 1, . . . , I. It is convenient to view this as a choice of Υ ∈ RI with positive
components. Notice that (3.19b)–(3.19e) can be written as
W(ψ1,ψ2, . . . ,ψI )Υ ·a1 = A1, (3.44a)
W(ψ1,ψ2, . . . ,ψI )2Υ ·a2 = A2, (3.44b)
W(Υ1,Υ2, . . . ,ΥI )b1 = B, (3.44c)
W(Υ1,Υ2, . . . ,ΥI )b2 = C, (3.44d)
where a1,a2,B,C ∈RI .
Here, W, defined in (3.30a), is invertible since Υi > 0, i = 1, . . . , I. Thus (3.44c) and (3.44d)
yield b1 and b2, respectively. Each of (3.44a) and (3.44b) has an (I −1)-dimensional space of
solutions since these equations define affine planes in RI with co-dimension 1. Thus, we have a
choice of coefficients a1i,a2i,b1i,b2i ∈R, i = 1, . . . , I, which satisfy (3.19b)–(3.19e).
Next, for each lattice, given the coefficients a1,a2,b1,b2 ∈R we shall construct a solution to
(3.12b)–(3.12e), which satisfies (3.13).
To do this, we first pick ϕ̄ ∈R to satisfy
ϕ̄>max(0,−1−a2) , (3.45a)













This is possible since the coefficient of the highest power of the polynomial above is positive, guar-
anteeing that a sufficiently large ϕ̄ will satisfy both inequalities. Note that (3.45a) implies (3.13a).
Next we pick
δ̄+(ϕ̄)= δ̄−(ϕ̄)= 1+ a21+ ϕ̄ , and ε̄+(ϕ̄)= ε̄−(ϕ̄)=
b2
2(1− ϕ̄) .
It is easy to see that (3.12c) and (3.12e) are satisfied. Moreover, from (3.45a), (3.13b) is also
satisfied.
We now calculate








and an algebraic calculation shows that this is negative precisely when (3.45b) is satisfied;
thus (3.13c) is satisfied.
















CHAPTER 3. BESPOKE ONE-DIMENSIONAL ELASTICITY
which is simply (3.12b) and (3.12d) written as a linear system. This has a unique solution since,
by (3.13c), the matrix is invertible. This completes the proof. 
Note the considerable freedom in the choice of coefficients and geometric and material
parameters in the constructions in the proofs of Theorems 3.6.2 and 3.6.3. In particular, as the
computational examples in §3.8 below show, the lattices in the system need not satisfy (3.43).
3.7 Ancillary results
3.7.1 Simplification of the choice of ψi ∈ (0,1], i = 1, . . . , I
The choice of (distinct) ψi ∈ (0,1], i = 1, . . . , I, so as to satisfy (3.42) can be simplified by the
following two remarks:
Remark 3.7.1. The bounds in (3.42) can be simplified (but made less tight and therefore more




























































Of course, (3.47a) is trivially satisfied if EoEe > 1 so, in that case, (3.42) is equivalent to (3.42b).







Note that, in light of Remark 3.7.1, Remark 3.7.2 also holds when (3.42), (3.42a) and (3.42b)




























which is (3.42b). 
3.7.2 Preservation of local extrema
While the construction presented in §3.6 guarantees a lattice system whose energy is close
to a prescribed function, there is no restriction on how the system energy behaves within
the tolerance band. In particular, the system energy could eliminate local extremisers of the
prescribed energy. However, for many applications, it is desirable that the system energy retain
these local extremisers.
We now show that this can be easily incorporated into our framework, provided that the
number of local extremisers is finite.
Given an energy E ∈ C([0,1],R), let
mE = {H̄ ∈ [0,1] | H̄ is a local minima of E},
ME = {H̄ ∈ [0,1] | H̄ is a local maxima of E},
be the sets of local minimisers and maximisers of E, respectively. We assume that these sets
are finite. For the system energy, Ξ, to be able to distinguish between adjacent local extremisers
m ∈ mE and M ∈ ME we need the tolerance ε to satisfy
E(m)+ε< E(M)−ε.




for every pair of adjacent extremisers m ∈ mE and M ∈ ME. (Finiteness of mE and ME ensures
that the minimum of LHS(3.48) is positive.) To see the sufficiency of (3.48), consider adjacent
extrema m− < M < m+ where m−,m+ ∈ mE and M ∈ ME. Using (3.48), we have,
Ξ(m±)6E(m±)+ε< E(M)−ε6Ξ(M),
from which it follows that Ξ has a local maximum in (m−,m+), although it need not be located at
M. A similar result holds for adjacent M− < m < M+ where m ∈ mE and M−, M+ ∈ ME.
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Thus, Ξ preserves the extremisers of E in the sense that Ξ has a local minimiser/maximiser
between any two adjacent local maximiser/minimiser of E, respectively. Note, however that it is
possible that Ξ has more extremisers than E.
The following counterexample shows that the condition that E have only finitely many local
extremisers is essential.
Example 3.7.3. The energy
E(H̄)=
H̄
2 sin(1/H̄) for H̄ ∈ (0,1],
0 for H̄ = 0,
is continuous (in fact it is absolutely continuous and thus differentiable a.e., cf., e.g. [121, pg.
179, 209]). However, it is clear that it has infinitely many local extremisers, only finitely many of
which can be distinguished for any tolerance ε> 0.
3.7.3 Specification of local extremisers
It might be that, rather than approximating an energy, we are concerned only with approximating
its extremisers. For example, we might desire that a system have local minimisers at specified
values of H̄, with the precise energy being unimportant. Suppose we want an energy with local
minimisers at
06m1 < m2 < . . .< mK 6 1, (3.49)
for some integer K > 1. (The trivial case K = 1 is considered below.) Then, we pick M1, M2, . . . , MK−1
such that
mk < Mk < mk+1,












so that the roots of FP are precisely m1, M1,m2, M2, . . . , MK−1,mK . Now let




for some EP0 ∈R. Then, the local minimisers of EP are precisely m1,m2, . . . ,mK .










) = 0 if m1 = 0,< 0 if m1 > 0. (3.51)
On the other hand, for H̄ ∈ (m1, M1), from (3.50a), FP (H̄)> 0 since it is the product of the positive
factor H̄ − m1 and 2(K −1) negative factors. From this, we deduce that m1 is indeed a local
minimiser of EP . It is clear from (3.50) that the same is true for m2, . . . ,mK .
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(When K = 1, we choose FP (H̄) = H̄ − m1; it is clear that the resulting EP has a unique
minimiser at m1.)
We can now approximate the polynomial energy EP as per §3.6.1 and §3.7.2. Note the K
degrees of design freedom that results from the ability to choose Mk, k = 1, . . . ,K −1 and EP0
in (3.50b).
From the reasoning above it is clear that an energy with local maximisers at (3.49) can be
obtained by changing the sign of (3.50a).
3.7.4 Approximating derivatives of the energy
In reality one is rarely concerned with prescribing the system energy. Instead, one typically
desires to specify equilibria, reaction forces and stiffnesses. In other words, it is not quite the
energy landscape but rather its first and second derivatives that are prescribed.
However, as the following simple example illustrates, the derivative of an approximate energy







for some δ> 0, and suppose we wish to approximate it to error ε> δ.
Since
|E(H̄)| < δ< ε,
the constant polynomial
EP (H̄)= 0,
approximates this energy to the desired accuracy. From Theorems 3.6.2 and 3.6.3, we can
construct a lattice system whose energy approximates E up to an additive constant. (In this case
the lattice ‘system’ is trivial since there is only one lattice, i.e., I = 1; see [1, Section 5]). So we
have
Ξ(H̄)= E0,
for some constant E0.












and, when ε> 1, it is not true that
∣∣E′(H̄)−Ξ′(H̄)∣∣< ε,
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since ∣∣E′(0)−Ξ′(0)∣∣= 1> ε.
Thus the derivative of an approximate energy need not approximate the derivative of energy.
Moreover, this is true even if we allow for different tolerances for the energy and its derivative.
To see this consider the following slight modification of Example 3.7.3 above:
Example 3.7.4. The energy
E(H̄)=
H̄ sin(1/H̄) for H̄ ∈ (0,1],0 for H̄ = 0,



















Thus, in order to approximate the first or second derivative of the system energy one would
have to repeat the analysis in Sections 3.5 and 3.6 for the expressions in (3.21), which analysis we
shall present elsewhere. In the meantime, we remark that examples such as the two presented
above are pathological and the derivatives of reasonable energies can indeed be approximated.
We demonstrate this computationally in §3.8.
3.8 Examples of bespoke system design
We now proceed to demonstrate the ability to tailor the energy landscape by presenting four
examples of bespoke nonlinear elastic responses designed as described above:
1. A monostable system with specified nonlinear stiffness (Example 1 in §3.8.1).
2. A bi-stable system with specified local minima (Example 2 in §3.8.2).
3. A multi-stable system with specified local minima (Example 3 in §3.8.3).
4. A multi-stable system with specified snap-through loads (Example 4 in §3.8.4).
Although the analysis is valid for H̄ ∈ [0,1], for the computational examples, we choose to limit
the extension to H̄ ∈ [0,0.8] for the following reason: Because the truncated Taylor expansions
in §3.5.2 are less accurate when H̄ → 1, the designer can account for this by a priori choosing
to work with less than the maximum possible extension. This decreases (in L∞) the remainder
terms in (3.39) and consequently allows a larger D to satisfy that inequality. From (3.42) this
increases the minimum spacing between the ψs and thus increases the robustness of the design.
Here we have picked H̄ ∈ [0,0.8] as an illustrative example.
64
3.8. EXAMPLES OF BESPOKE SYSTEM DESIGN
Design The system is designed as follows. First, for each lattice, the continuous non-dimensional
geometric and material variables and the continuous dimensional parameter, Υ, are determined
subject to the restrictions
0.16ψ< 1, (3.52a)
0.256 ϕ̄6 4, (3.52b)
0< δ̄±6 10, (3.52c)
−106 ε̄±, ῡx±, ῡxy±6 10, (3.52d)
0<Υ. (3.52e)
(Note that (3.52a) does not apply to ψ1, which is not a design variable and is chosen to be 1.)
These restrictions, which incorporate (3.13a), (3.13b) and (3.17b), ensure that the lattice system
is physically feasible. However, the precise numerical values in (3.52) are arbitrary.
Note that at this stage the system is independent of length scale and material. The non-
dimensional variables can be steered towards preferred regions in the design space, e.g. a
preference that helices of different handedness exhibit similar bending stiffnesses, desiring ϕ̄∼ 1
or requiring that the pre-strain magnitudes are similar between lattices. However, no preference
has been imposed on the following examples; the restrictions in (3.52) are deemed sufficient.
In a second stage, the dimensional geometric variables, N, M and l are recovered to satisfy ψ
(determined in the previous step) in accordance with (3.15c), subject to the restrictions
56N, M6 100, (3.53a)
506 l6 150, (3.53b)
which again are arbitrary but ensure that the designs are feasible.
Length scale dependence is introduced through l, and material dependence through the
remaining physical variables d11± and w±. These are chosen to satisfy the known system param-
eters ϕ̄ and Υ for each lattice in accordance with (3.10e) and (3.17a). The material coefficients
are restricted to control system feasibility; the unbounded nature of Υ is used to determine
appropriate materials and also gives an indication of design feasibility at the interested length
scale. A modified Newton’s method is used to optimise over the continuous variables (Stage 1) and
a genetic algorithm is used to optimise over the discrete variables (Stage 2). It should be noted
that the algorithm can also be run in reverse order, i.e. given an envelope on banding numbers
or/and material length or/and width restrictions, the lattice material parameters can be tuned to
achieve the required system response.
Implementation Next we highlight some details of the implementation. As demonstrated in
§3.5, the strain energy function of a lattice system can be approximated by a truncated Taylor
polynomial. The accuracy of the approximation depends on the order of the expansion, which,
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in turn, determines the minimum number of lattices required, as detailed in §3.6. Systems
exhibiting complex behaviours require higher-order polynomials to approximate them to within
the predefined tolerance, and consequently require more lattices. In the presence of restric-
tions (3.52) and (3.53) on the geometric and material parameters, the system will often need
to be expanded to an order higher than the target polynomial so that the system response is
within the predefined tolerance and the parameter restrictions are satisfied. We describe such a
system as over-expanded. Example 2 (§3.8.2) is an exactly-expanded system, Example 3 (§3.8.3)
is under-expanded. Examples 1 and 4 (§3.8.1 and §3.8.4, respectively) are over-expanded.
To highlight the errors associated with the framework presented in this paper, as opposed to
the approximation method, we use Lagrange interpolation to generate the target polynomials.
The nature of the numerical framework we have presented allows for discrete implementation of
the approximation constraints; the target polynomial may be replaced by discrete target points,
assuming the behaviour at locations other than the target points is not of interest. See, e.g.
[122, 123] for a comprehensive discussion on interpolation and approximation techniques of
smooth functions by polynomials.
When it is not the energy per se but rather its first or second derivative (i.e., reaction force
or stiffness, respectively) which are prescribed, the highest prescribed derivative is chosen to
be matched where integration constants are inherently determined from the chosen material
coefficients (cf. (3.12)).
We are now ready for the examples. Each of these represents only a single point in a solution
space whose richness allows the designer to explore and optimise designs in accordance with
requirements. The non-uniqueness of the solution space maximises both the range of applicability
of the algorithm and the physical plausibility within the design space itself.
3.8.1 Example 1: Monostable system with prescribed nonlinear stiffness
A monostable system is designed to exhibit a nonlinear stiffness which is the third-order Lagrange
polynomial of the data points
(H̄,Ξ′′) ∈ {(0,1), (0.27,5), (0.53,4), (0.80,8)} , (3.54)
to a tolerance of ±0.2 kNmm−1. A single stable equilbria exists at H̄ = 0.
The system is composed of four lattices (over expansion), where an energy expansion of
O (H̄8) and a stiffness expansion of O (H̄4) captures the prescribed stiffness function to within the
specified tolerance of ±0.2 over the entire domain. The geometric and material parameters of
this system are presented in Table 3.1.
The target stiffness, the actual stiffness, the polynomial stiffness and the absolute error in
the approximation are shown in Figure 3.4a. The resulting 6th-order reaction force and 7th-order
monostable system energy are shown in Figure 3.4b.
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a System stiffness and absolute error.












b System reaction force and energy.
Figure 3.4: Example 1: A four-lattice monostable system with nonlinear stiffness prescribed to be
the Lagrange polynomial of (3.54) with tolerance of ±0.2 kNmm−1. Material parameters for this
four-lattice system are given in Table 3.1.
Table 3.1: Geometric and material parameters for Example 1. A nominal energy value of Ξ0 =
264.37 kJ was used.
i l N M ψ δ̄+ δ̄− ε̄+ ε̄− ῡx+ ῡx− ῡxy+ ῡxy− ϕ̄ Υ
1 91.55 19 19 1.00 0.06 0.06 -0.22 -0.09 4.01 -1.44 -1.93 1.15 2.85 297.88
2 114.43 28 60 0.37 2.23 6.26 0.49 -1.33 4.28 -7.79 -8.48 -6.41 0.96 714.57
3 79.39 55 92 0.69 0.24 7.03 -0.44 -0.01 -2.22 -2.26 -5.34 1.58 0.25 809.58
4 97.16 56 73 0.72 1.86 0.58 -0.26 -0.44 -1.35 3.86 -2.11 6.27 0.87 764.52
3.8.2 Example 2: Bi-stable system with specified local minima
A bi-stable system is designed to exhibit stable equilibria (i) in the interior, at H̄ = 0.6, and (ii)
on the boundary H̄ = 0, in accordance with (3.21). The second-order target reaction force is the
Lagrange polynomial of the data points
(H̄,Ξ′) ∈ {(0.25,1), (0.5,−1), (0.8,0)} , (3.55)
to a tolerance of ±0.2 kN.
The system is exactly expanded using two lattices, the resulting second-order bi-stable target
reaction force, actual reaction force, polynomial reaction force and the absolute error in the
approximation are shown in Figure 3.5a. The system’s corresponding 4th-order bi-stable energy
profiles are shown in Figure 3.5b.
As discussed in §3.7.3, the even roots of the stiffness polynomial are stable, i.e. two equilibria
exist for the quadratic reaction force, one stable and one unstable, as shown in Figure 3.5. It
should be noted that due to the relatively benign nonlinearity in the system only two lattices
with an expansion of O (H̄4) exactly matching the order of the target polynomial is required to
capture the O (H̄3) target force function to within the specified tolerance over the entire domain.
The geometric and material parameters of this system are presented in Table 3.2.
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a System reaction force and absolute error.








Figure 3.5: Example 2: A two-lattice bi-stable system with local minima specified to be at
H̄ ∈ {0,0.6}. Target reaction force is the Lagrange polynomial of (3.55) to a tolerance of ±0.2 kN.
Material parameters for this system are given in Table 3.2.
Table 3.2: Geometric and material parameters for Example 2. A nominal energy value of Ξ0 =
11.961 kJ was used.
i l N M ψ δ̄+ δ̄− ε̄+ ε̄− ῡx+ ῡx− ῡxy+ ῡxy− ϕ̄ Υ
1 107.22 45 49 1.00 0.54 0.37 0.02 -0.60 -3.34 9.99 -5.81 -3.43 0.31 54.31
2 102.28 30 61 0.56 0.88 2.44 -0.94 1.56 -9.78 8.81 8.36 -3.72 4.00 21.60
3.8.3 Example 3: Multi-stable system with specified local minima
Extension of the requirements to design a bi-stable system to be multi-stable is trivial within
the current framework. In this example, two internal and one boundary stable equilibria are
selected in accordance with Equation (3.21). The target reaction force is defined as the Lagrange
polynomial of the data points
(H̄,Ξ′) ∈ {(0,2), (0.16,0), (0.32,0), (0.48,0), (0.64,0), (0.8,4)} , (3.56)
to a tolerance of ±0.05 kN, with stable equilibria specified at H̄ ∈ {0,0.32,0.64}. The system is
composed of 4 lattices, the resulting 5th-order multi-stable target reaction force, actual reaction
force, polynomial reaction force and the absolute error in the approximation are shown in
Figure 3.6a. The system’s corresponding multi-stable energy profiles are shown in Figure 3.6b.
As discussed in §3.7.3, even roots of the stiffness polynomial are stable. The depth of the
energy wells associated with the stable equilibria are particularly shallow in this example, hence
the resulting transition force between the energy wells is also rather small. Consequently, a
tighter tolerance has been enforced to ensure all equilibria of interest are captured. Within the
current framework it is trivial to adjust the constraints in this manner. The tighter tolerance
coupled with the predefined bounds on the material parameters has required an over expansion
of O (H̄8) to match the target reaction force O (H̄6) to within the specified tolerance.
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a System reaction force and absolute error.












Figure 3.6: Example 3: A four-lattice multi-stable system with a nonlinear stiffness. The target
reaction force is the Lagrange polynomial of (3.56) to a tolerance of ±0.05 kN, with stable equilib-
ria specified at H̄ ∈ {0,0.32,0.64}. Corresponding material parameters for this system are given
in Table 3.3.
Table 3.3: Geometric and material parameters for Example 3. A nominal energy value of Ξ0 =
546.59 kJ was used.
i l N M ψ δ̄+ δ̄− ε̄+ ε̄− ῡx+ ῡx− ῡxy+ ῡxy− ϕ̄ Υ
1 103.89 80 74 1.00 1.91 1.91 -0.63 -0.98 0.53 -2.92 1.54 -4.08 0.59 343.73
2 124.98 61 56 0.84 2.76 1.08 -1.57 0.08 -6.30 -5.96 6.84 -4.50 2.06 286.61
3 72.62 30 74 0.54 2.16 4.41 -0.39 -0.45 -8.30 -5.39 0.20 8.97 3.00 237.46
4 108.90 58 63 0.81 0.95 0.58 -0.09 -0.46 2.63 6.67 -0.06 -3.05 1.51 725.74
The geometric and material parameters of this system are presented in Table 3.3. The effect
of insufficient over-expansion can be observed at the extension limit, H̄ = 1, and highlights the
underlying assumption of the algorithm. Although the polynomial expansion can be tailored to
match the target function to within a given tolerance, if the order of expansion is not sufficient to
capture the actual nonlinear response over the entire domain the two responses will diverge; the
polynomial response may remain within the tolerance band whilst the actual response does not.
This behaviour is exacerbated with decreasing number of lattices (and thus expansion order) as
well as over restrictive material parameter bounds, resulting in the point of divergence moving
closer to the origin (expansion point), a common feature of low-order Taylor expansions.
3.8.4 Example 4: Multi-stable system with specified snap-through loads
This example presents a multi-stable system where the transition force required to snap between
stable regimes as well as their extensional position have been specified. Limit points, i.e. local
maxima in the reaction force, are defined by specifying both a root in the stiffness and the desired
magnitude on the reaction force. Care must be taken to ensure this point is a local maxima.
In addition to prescribing the magnitude and location of limit points, three stable equilibria
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Figure 3.7: Example 4: A six-lattice multi-stable system with prescribed snap-through loads. The
target reaction force is the Lagrange polynomial of the data points in (3.57) to a tolerance of
±1 kN, with an unstable equilibrium specified to exist for H̄ ∈ {0.16,0.696}. Snap-through loads
have been specified as 5±1 kN and 20±1 kN. Corresponding material parameters for this system
are given in Table 3.4.
Table 3.4: Geometric and material parameters for Example 4. A nominal energy value of Ξ0 =
3.8990 MJ was used.
i l N M ψ δ̄+ δ̄− ε̄+ ε̄− ῡx+ ῡx− ῡxy+ ῡxy− ϕ̄ Υ
1 128.14 97 42 1.00 6.77 4.14 1.38 -1.56 -3.02 -0.01 1.07 -5.34 0.40 553.32
2 125.47 28 34 0.37 7.15 0.99 2.58 -0.75 -8.02 -3.77 -1.64 -5.04 3.53 8916.19
3 68.83 51 57 0.72 1.55 0.02 -1.00 0.13 -6.30 -2.58 6.81 -3.48 2.87 4088.55
4 114.58 60 34 0.86 0.14 5.65 -0.29 1.23 0.70 -1.11 -1.07 -1.21 0.25 7803.17
5 105.07 53 99 0.29 1.31 0.41 0.98 0.14 1.07 1.86 7.10 0.92 0.69 3422.46
6 116.99 98 75 0.62 0.06 0.03 0.24 -0.17 0.84 5.48 -2.17 1.97 3.97 7804.10
have (optionally) been specified in between them, one below the first snap-through load, H̄ = 0,
one (anywhere) between the two snap-through loads and one at the extension limit H̄ = 1, such
that the system’s preferred stable configuration changes when each snap-through load is exceeded.
Specifying monotonically increasing snap-through loads and their associated stable equilibria in
this manner allows loading thresholds experienced by the system to be preserved upon unloading;
the elastic system behaves as a reusable sensor (or pseudo-plastically).
The 6th-order target reaction force polynomial is defined as the Lagrange polynomial of the
data points
(H̄,Ξ′) ∈ {(0,0), (0.16,5), (0.48,0), (0.696,20)} , (3.57a)
(H̄,Ξ′′) ∈ {(0.16,0), (0.696,0)} , (3.57b)
with the snap-through loads specified as 5±1 kN and 20±1 kN at H̄ = 0.16 and H̄ = 0.696,
respectively. Accordingly, an over-expanded system of six lattices with an expansion of O (H̄11)
has been employed to capture this highly nonlinear behaviour over the entire domain to within a
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Figure 3.8: Convergence behaviour of the approximation tolerance with regards to the number of
lattices in a system for the target response shown in example 4.
tolerance of ±1 kN in the reaction force, as shown in Figure 3.7a. The system’s corresponding
multi-stable energy profiles are shown in Figure 3.7b. Under the restrictions (3.52) and (3.53), a
significantly higher level of expansion is needed to control the behaviour of the system to within
the given tolerance over the entire domain, mitigating the effects observed in Figure 3.6a. This
demonstrates how increasing the nonlinearity through addition of limit points and/or raising
the order of target polynomial by a single degree may require more than the addition of a single
lattice so that the system is sufficiently over-expanded. Equally, a reduction in the number of
lattices may be achieved through relaxation of the bounds on the material parameters. The
geometric and material parameters of this system are presented in Table 3.4.
Additionally, for this example, we demonstrate the ability of the algorithm to achieve an ap-
proximation tolerance ε, of arbitrary magnitude, by controlling the number of lattices comprising
a given system. i.e. for a given target behaviour, such as that shown in Figure 3.7 and subject to
Equations (3.52) and (3.53), feasible system designs with increasingly tighter ε can be achieved
with the addition of new lattices into the system, as shown in Figure 3.8.
3.9 Conclusions
Fully exploiting the paradigm shift from the linear-only to linear-and-nonlinear structural re-
sponses remains an open challenge. To address this challenge, and highlight the new opportunities
it presents, we have developed a systematic approach to designing bespoke, elastically-nonlinear,
one-dimensional extensional responses. We achieve this by harnessing the behaviour of the
helical lattice structure proposed by Pirrera et al. [1] and demonstrating how a hierarchical
system comprising several lattices coupled together offers a route to obtain bespoke elasticity
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via a robust design process. We show how an increase in the geometric complexity of the system
increases the richness in response by identifing how each unique lattice (i.e. one that possesses a
unique geometric parameter ψ which is the scaling factor between local and global extension)
added to the system extends the possible response types. This permits the formulation of a
basis that spans polynomial energies to arbitrary accuracy in L∞. We utilise this framework to
demonstrate how several desirable responses, such as multi-stability and snap-through buckling,
can be achieved and explore the requirements for their existence.
The design space for the helical lattice system proposed here is extremely robust. The
energetic description of the system permits an exploration of the interplay between pre-strain,
geometry, and stiffness. The non-dimensional approach allows behaviours to be considered at
various geometric length scales, characteristic material stiffnesses, and system curvatures. This












This chapter details the derivation of the α,β,δ matrices as an alternative to the A,B,Dmatrices from classical laminated plate theory (CLPT) typically used to assess two-dimensional laminated plates and shells. The model proposed herein is developed for
thin, slender, one-dimensional elastic bodies such as beams and rods, for a variety of material
architectures e.g. monolithic, laminated, braided, etc. Accordingly, the description reflects the
geometric architectures and loading scenarios available to one-dimensional continua and is
required to model the elastic lattices of interest in this thesis. The use of laminated (composite)
beams and hence the need for appropriate analysis tools is not a novel idea, however, previous
analytical techniques have relied heavily on the A,B,D matrices, and hence they are bound to
their underlying assumptions. These assumptions include, but are not limited to, thin walled
geometries and a state of plane stress [124, 125]. Additionally, some of the more comprehensive
composite beam analysis has been limited to orthogonal lay-ups and/or symmetric loading [124].
The initial steps in the derivation are analogous to those in CLPT, stemming from generalised
three-dimensional elasticity and are given in Section 4.1. As such, the material in this section can
be found in many books on laminate analysis or elasticity. The ones presented herein have been
adapted from [125]. The two approaches diverge from Section 4.2, where a suitable parametric
reduction is performed to reduce the three-dimensional elasticity problem to the single dimension
suitable for rods; a similar procedure is performed in CLPT where the plate (or shell) is idealised
as a two-dimensional surface. In Section 4.3, the laminated beam is introduced along with the
relevant approximations required to develop the model. In Section 4.4 the α,β,δ matrices are
presented along with a discussion of their physical significance. Properties of selected monolithic
and laminated material architectures from the proposed model and CLPT are presented and
discussed in Section 4.5. Finally, conclusions are drawn in Section 4.6.
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4.1 Generalised Hooke’s law
The constitutive relationship between the stress and strain of an elastic material system is given
by Hooke’s law. This can be generalised to three-dimensions for an arbitrary anisotropic material
system by
σi j =Ci jklεkl , i, j,k, l = 1,2,3, (4.1)
where σi j and εkl are 2nd-order tensors for stress and strain, respectively, and Ci jkl is the 4th-
order elastic stiffness tensor. For an arbitrary material system Ci jkl is defined by 81 coefficients.
Due to the symmetries (both minor and major) of the elastic stiffness tensor, a general anisotropic
material system can be written in terms of 21 material coefficients. This allows the stress-strain
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The reduction from a 4th to a 2nd-order tensor in matrix form allows for a simplification of the
notation. The following engineering or Voigt-Kelvin notation is employed, whereby
σ1 =σ11, σ2 =σ22, σ3 =σ33, σ4 =σ23, σ5 =σ13, σ6 =σ12, (4.3a)
ε1 = ε11, ε2 = ε22, ε3 = ε33, ε4 = 2ε23, ε5 = 2ε13, ε6 = 2ε12. (4.3b)
Using this notation allows the 4th-order elastic stiffness tensor, Ci jkl , to be recast as the elastic
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or in compact form
{σ}= [C]{ε}, (4.4b)
where curly braces {•} indicate a vector and [•] indicate a matrix. The elastic stiffness matrix
can be further simplified due to symmetries inherent in the material system; the most common
symmetries are isotropic and orthotropic. An orthotropic material system, such as a single lamina
of FRP contains three orthogonal planes of symmetry aligned to its principal stiffness directions.
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A material coordinate system, denoted as (x1,x2,x3) as shown in Figure 4.1, is used to define
the principal stiffness directions used in Equation (4.1). Composites are typically constructed of
orthotropic FRP layers. Their in-plane major and minor principal stiffness directions are defined
as x1 and x2, respectively, with the through thickness direction, x3, such that x3 = x1 ×x2. Due
to the abstract nature of the coefficients in the stiffness matrix [C], its inverse, the compliance
matrix [S] = [C]−1, is often used as a first step. However, symmetries in orthotropic material
systems allow for the following relationships to be established
C14 = C15 = C16 = C24 = C25 = C26 = C34 = C35 = C36 = C45 = C46 = C56 = 0, (4.5a)
S14 = S15 = S16 = S24 = S25 = S26 = S34 = S35 = S36 = S45 = S46 = S56 = 0. (4.5b)
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or in compact form
{ε}= [S]{σ}, (4.6b)
where the terms of [S] represent the compliance coefficients. Compliance coefficients can more
easily be related to the engineering constants measured in the laboratory. The stiffness matrix
can be calculated by inverting the compliance matrix representing the strain-stress relation-
ship. Furthermore, Equation (4.6) shows an orthotropic material system is characterised by 9
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where E i is the Young’s modulus in direction i, νi j the Poisson’s ratio and G i j the shear modulus.
The double subscript takes the normal form, such that (•)i j, is defined in the plane normal to i in
the direction of j.
4.1.1 Coordinate transformation
It is convenient to determine the constitutive response of a material system in arbitrary directions,
such as that seen in laminated materials where ply angle θ (and hence the principle stiffness
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Figure 4.1: The material coordinate system (x1,x2,x3) is aligned to the principle stiffness direc-
tions, solid black lines represent the fibre direction of an FRP. The problem coordinate system
(x,y,z) defines the direction of interest. The two frames differ by a rotation, θ, about their common
z= x3 axis.
direction) often varies layer-by-layer. Therefore, it is useful to define an additional coordinate
system, (x,y,z), called the problem coordinate system which contains the direction of interest as
shown in Figure 4.1. The transformation between the material (x1,x2,x3) and problem (x,y,z)









































where due to [L] ∈ SO(2), [L]−1 = [L]T. It is important to note that θ is measured relative to
the problem coordinate system according to the right-hand rule. Although only one material
coordinate system is shown in Figure 4.1, a laminated architecture will often possess multiple
material coordinate systems.
4.1.2 Transformation of stress components
It is also convenient to evaluate the components of σ in different coordinate systems. The stress
tensor with components σ11,σ12, ...,σ33, defined in the material coordinate system (x1,x2,x3) will
be denoted by σm. Analogously, the stress tensor with components σxx,σxy, ...σzz, defined in the
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problem coordinate system (x,y,z), will be denoted by σp. The stress tensor transforms according
to the following rule
(σkq)m = lkilq j(σi j)p, (σkq)p = likl jq(σi j)m, (4.10)
where (σi j)m are the components of the stress tensor σ in the material coordinates (x1,x2,x3),
and (σi j)p are the components of the same stress tensor in the problem coordinates (x,y,z). li j
are the direction cosines of the two coordinate systems defined by
li j = (êi)m.(ê j)p, (4.11)
where (êi)m and (ê j)p are the orthonormal unit vectors in the material and problem coordinate
systems, respectively. It is often more convenient to express this transformation in matrix form.












The rotation between them can be expressed in matrix form as
[σ]m = [L][σ]p[L]T, (4.13)
[σ]p = [L]T[σ]m[L], (4.14)
where [L] is the 3×3 matrix of direction cosines as defined in Equation (4.8). As mentioned
previously, it is convenient for the elastic stiffness tensor Ci jkl to be recast as the elastic stiffness
matrix [C]. When defining Hooke’s law in this way, the stress and strain tensors also need to be
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or in compact form
{σ}p = [T]{σ}m. (4.15b)
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or in compact form
{σ}m = [R]{σ}p. (4.16b)
4.1.3 Transformation of strain components
Strain, like stress, is also a second-order tensor so the transformation relationships defined in
Section 4.1.2 are valid for the strain such that
[ε]m = [L][ε]p[L]T, (4.17)
[ε]p = [L]T[ε]m[L]. (4.18)
Upon noting the factor of two in the shear strains as defined by Equation (4.3), the transformation
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0 0 0 −sinθ cosθ 0











or in compact form
{ε}p = [R]T{ε}m. (4.19b)
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or in compact form
{ε}m = [T]T{ε}p. (4.20b)
4.1.4 Transformation of material coefficients
As well as being able to describe stress and strain in the problem or material coordinate systems,
it is useful to describe the constitutive behaviour in the problem coordinate system using engineer-
ing coefficients (cf. Equation (4.7)) that have been measured in the material coordinate system.
Applying the relationships developed in Sections 4.1.2 and 4.1.3 to Equation (4.4), Hooke’s law
takes the following form
{σ}p = [T] {σ}m = [T][C]m {ε}m = [T][C]m[T]T {ε}p = [C]p {ε}p , (4.21)
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Figure 4.2: Active stress components on planes normal to the dimensions modelled for a two-
dimensional plate or shell.
where, [C]m, is the elastic stiffness matrix in the material system. [T] is the transformation
matrix defined by Equation (4.15). Thus, the transformed elastic stiffness matrix, [C∗], is given
by
[C∗]= [T][C][T]T , (4.22)
where [C∗] = [C]p and [C] = [C]m. Equation (4.22) is valid for an arbitrary anisotropic elastic
material system, the only assumption that has been imposed is that the problem and material
coordinate systems differ by a rotation about a common axis, as defined in Section 4.1.1. Material
architectures with rotations around a different axis could easily be accommodated as this would
change the coefficients of [T]. Applying the definitions given in Equation (4.5) for an orthotropic
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4.2 One-Dimensional constitutive relations
The elastic constitutive relationships developed in Section 4.1 for an orthotropic material system
have been developed allowing for a three-dimensional state of stress (and strain). However, it is
often convenient to simplify the state of stress to reflect the dimensionality and kinematics of
the structure being modelled. The active stress components remaining in a reduced-order model
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can be determined by investigating the faces normal to the dimensions modelled. For example, a
plate or shell, modelled parametrically as a two-dimensional surface (of zero thickness) in the
xy-plane, has active stress components acting only on faces perpendicular to the xy-plane. The
xz and yz cross-sectional planes and the stresses acting on them σxx,σxy =σyx,σxz,σyy and σyz
are shown in Figure 4.2. For thin plates and shells, a state of plane stress is often assumed,
whereby the stress vector has zero component in the z direction, such that σxz =σyz = 0. With
these approximations a two-dimensional (reduced-order) model of a thin plate or shell under
plane stress has only three active stress components σxx,σxy and σyy. This allows a reduced form



























This reduced transformed constitutive relationship is at the heart of CLPT. It is during this
reduction from the full three-dimensional elasticity that the proposed constitutive model deviates
from CLPT. The models are different for two reasons. Firstly, the rods are modelled as one-
dimensional curves as opposed to two-dimensional surfaces, and secondly, the state of plane
stress is not applicable due to the desire to include orthogonal tip loads generating transverse
shear. The three-dimensional elastic constitutive relationship, Equation (4.23) can be reduced to
that of a one-dimensional stress state, where, in an analogous fashion, active stresses act only on
faces normal to the dimensions modelled. For a rod with the x-axis along its centreline, the active
stress components are σxx, σxz and σxy, as shown in Figure 4.4. Where the analogy between the
xz-plane in both Figure 4.4 and Figure 4.2 should be clear.
As we shall see, the one-dimensional kinematics presented in Section 5.2, describe a rod
whose cross sections are allowed to rotate (bend and twist) and translate (extend and shear)
relative to each other. However, such cross sections are not allowed to distort or change shape
(warp) in-plane as they deform. Therefore, to reflect such behaviour at the material level, i.e. the
cross section could distort under bending due to Poisson’s effects, the following assumption about
the constitutive response is made, S12 = S13 = S23 = 0, in Equation (4.6). This reduction allows



























Comparison of Equation (4.24) and Equation (4.25) demonstrates the underlying variation
between CLPT and the proposed constitutive model. Namely, the difference in the active stress
(and strain) components, as well as the corresponding elements of [C∗] in the constitutive
relationship. In order to help with clarity, a distinction between the full transformed elasticity
matrix [C∗] and the reduced transformed elasticity matrix [Q∗] is made with the following
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a Filament wound. b Braided.
Figure 4.3: Examples of cross sections for two different material architectures available to
one-dimensional continua. Shading indicates regions in the cross sections of differing elastic
properties, arising due to either differing material systems or orientation. The single axis about









































































Noting that [C∗] and [Q∗] are symmetric due to [C] and [S] being symmetric.
4.3 Laminated beam
The previous sections detail how to determine the constitutive behaviour of a single orthotropic
material system reflective of the reduced-order model of a rod or beam. However, it is common for
many of these materials systems to be combined, forming a new composite material architecture
and response behaviour to loading. There is a variety of ways in which these materials can be
combined, two such examples for a circular cross section suitable for one-dimensional continua
are shown in Figure 4.3. However, there are many other architectures and geometries that can be
employed i.e. we are not limited to circular or rectangular cross-sectional profiles. We proceed in
the following section with a description for a laminated material architecture with a quadrilateral
cross section, it is, however, important to note this is not a limitation of the constitutive model,
but a choice to reflect its use in subsequent chapters. Where appropriate, areas the model can be
modified to accommodate for any of the architectures shown in Figure 4.3 are highlighted.
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Within a laminated beam, each layer can be a different material system and/or exhibit a
different ply angle, θ. Such a stacking of different material systems, and hence behaviours, allows
for the development of anisotropy within the laminate. By controlling the material systems and
their orientation, the anisotropy of the laminated beam can be designed and exploited, a feature
often referred to as elastic tailoring. To determine the resulting constitutive and force-strain
relationships for a laminated beam the following assumptions are made
• the layers are perfectly bonded;
• the layers are assumed to be rotated around a single axis;
• the layers have at least 3 planes of symmetry, i.e. they are either orthotropic or isotropic;
• the layers will behave linear elastically;
• shear strains are by definition zero at the free edges;
• the layers are transversely isotropic;
• thickness can vary between layers, but each layer is of uniform thickness;
• strains are assumed to vary bilinearly over the cross section.
4.3.1 Cross section properties
To describe (and decompose) the deformation of the rod in terms of its neutral axis strains and
curvatures, the location of the neutral axis on the cross section needs to be determined. For a
laminated beam comprising N ∈N layers, the weighted sum of the area and effective stiffness is


















where Z and Y are the distances to the neutral axis from a given datum point along z and y,
respectively. Zi and Yi are the projections of the centre of area along y and z, respectively and A i
is the cross-sectional area of layer i.
4.3.2 Strain decomposition
Deformation of plates and shells is given in terms of their mid-plane strains and curvatures. The
analogy for rods is to describe them in terms of their neutral axis strains and curvatures. The
location of the neutral axis was defined in Section 4.3.1, its strains are described by γxx for normal
strain along the x-axis and, γxz and γxy for shear strain in the xz and xy planes, respectively.









Figure 4.4: Stress components σxx, σxy and σxz acting on the yz-plane (green). For a one-
dimensional (reduced-order) model of a rod, only the centreline is modelled, defined here by the
curvilinear coordinate s, where, every cross section in the problem coordinate system is defined
such that, s= x.
torsion. The total strain ε at any point in the cross section is composed of two components; a
neutral axis strain γ and curvature κ component that varies bilinearly with distance from the
neutral axis. Such a relationship is defined as
εxx = γxx + zκyy + yκzz, εxz = γxz + yκxz, εxy = γxy + zκxy, (4.29)
where y and z are distances from the neutral axis in the principle directions. Substituting this




















where the angle of twist is defined as
κxx = κxy = κxz. (4.31)
The current description has an additional term in the decomposition due to the variation of
bending stress in the two orthogonal directions of the cross section, i.e. the direct stress and
hence the strain is bilinear with respect to y and z, as shown in Figure 4.5. The bending moments
available to plates and shells, although acting in orthogonal directions generate only in-plane
normal stresses that vary linearly through the thickness, the bilinearity seen here is a direct
consequence of the additional bending moment Mz, which is not present in CLPT. Although the
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a Linear strain variation
from Mz.
My
b Linear strain variation from My.
My+Mz
c Bilinear strain variation from Mz
and My.
Figure 4.5: Bilinear variation of normal strain εxx over the cross section of a laminated beam due
to the application of tip moments Mz and My, green and red shaded areas represent positive and
negative extensional strain, εxx, respectively.
strain can vary bilinearly over the cross section facilitating displacement compatibility between
layers, the potential step change in stiffness (arising due to variation in orientation and/or
material systems) between the layer will generally produce a piecewise bilinear stress profile.
4.3.3 Stress resultants
Having defined the stress field through the rod in terms of its neutral axis strains and curvatures
(cf. Equation (4.30)), the internal forces and moments are calculated by integrating the stresses
over the cross-sectional area, A. Subscripts on forces define the direction they are applied in and
subscripts on moments define the axis about which they act upon, as illustrated in Figure 4.6.




substituting in the definition of stress given in Equation (4.30)
Nx =
∫
Q∗11γxx +Q∗12γxz +Q∗13γxy + zQ∗11κyy + zQ∗13κxx + yQ∗11κzz + yQ∗12κxx dA,





























Figure 4.6: Definition of positive (a) stresses, (b) forces and (c) moments acting on a given cross
section of a laminated beam.
This approach is adopted for all the forces and moments, with the inclusion of the appropriate




















yQ∗22 + zQ∗23 dA. (4.34)




















yQ∗32 + zQ∗33 dA. (4.35)




















yzQ∗12 + z2Q∗13 dA. (4.36)
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y2Q∗12 + yzQ∗13 dA. (4.37)
The twisting moment, Mx, is given by
Mx =
∫





yQ∗21γxx + yQ∗22γxz + yQ∗23γxy dA
+
∫
yzQ∗21κyy + yzQ∗23κxx dA
+
∫
y2Q∗21κzz + y2Q∗22κxx dA, (4.39a)∫
zσxy dA =
∫
zQ∗31γxx + zQ∗32γxz + zQ∗33γxy dA
+
∫
z2Q∗31κyy + z2Q∗33κxx dA
+
∫
yzQ∗31κzz + yzQ∗32κxx dA. (4.39b)
Substituting Equation (4.39) into Equation (4.38)
Mx = γxx
∫
yQ∗21 + zQ∗31 dA+ γxz
∫
yQ∗22 + zQ∗32 dA
+ γxy
∫
yQ∗23 + zQ∗33 dA+ κyy
∫
yzQ∗21 + z2Q∗31 dA
+ κzz
∫
y2Q∗21 + yzQ∗31 dA+ κxx
∫




The stress resultants defined in Section 4.3.3 are a linear combination of the neutral axis strains
and curvatures. Upon defining the coefficients
α11 =
∫
Q∗11 dA, α12 =
∫





Q∗21 dA, α22 =
∫





Q∗31 dA, α32 =
∫





zQ∗11 dA, β12 =
∫





zQ∗21 dA, β22 =
∫
yQ∗21 dA, β23 =
∫
yQ∗22 + zQ∗23 dA,
β31 =
∫
zQ∗31 dA, β32 =
∫
yQ∗31 dA, β33 =
∫
yQ∗32 + zQ∗33 dA, (4.41b)
δ11 =
∫
z2Q∗11 dA, δ12 =
∫
yzQ∗11 dA, δ13 =
∫
yzQ∗12 + z2Q∗13 dA,
δ21 =
∫
yzQ∗11 dA, δ22 =
∫
y2Q∗11 dA, δ23 =
∫
y2Q∗12 + yzQ∗13 dA,
δ31 =
∫
yzQ∗21 + z2Q∗31 dA,δ32 =
∫
y2Q∗21 + yzQ∗31 dA,δ33 =
∫
y2Q∗22 + z2Q∗33 + yz(Q∗23 +Q∗32)dA,
(4.41c)










α11 α12 α13 β11 β12 β13
α21 α22 α23 β21 β22 β23
α31 α32 α33 β31 β32 β33
δ11 δ12 δ13

























where N, M are the force and moment vectors, respectively; γ and κ are the membrane and
bending strain vectors, respectively; α representing the membrane-membrane strain coupling; β
representing the membrane-bending (bending-membrane strain) coupling; and δ representing
the bending-bending coupling.
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It should be noted that in Equation (4.41) some standard definitions for sectional properties
are present, i.e. the axial stiffness EA is defined by α11, while shear stiffness GA is given by α22
and α33 for the xz and xy planes, respectively. Flexural stiffness definitions EI yy and EIzz can
be seen in δ11 and δ22. Cross moments of area can be seen in δ12 and δ21, respectively. Torsional
rigidity GJ is defined by δ33. Although many of the standard definitions exist along the main
diagonal, there are some additional terms in both the diagonal and off-diagonal elements that
are uncommon and specific to this formulation. The zero terms in Equation (4.26) are given as
Q∗12 =Q∗21 =Q∗32 =Q∗23 = 0, which allow Equation (4.41) to be reduced to
α11 =
∫
Q∗11 dA, α12 = 0, α13 =
∫
Q∗13 dA,
α21 = 0, α22 =
∫
Q∗22 dA, α23 = 0,
α31 =
∫





zQ∗11 dA, β12 =
∫
yQ∗11 dA, β13 =
∫
yQ∗13 dA,





zQ∗31 dA, β32 =
∫





z2Q∗11 dA, δ12 =
∫





yzQ∗11 dA, δ22 =
∫





z2Q∗31 dA, δ32 =
∫
yzQ∗31 dA, δ33 =
∫
y2Q∗22 + z2Q∗33 dA. (4.43c)
Where many of the exotic terms have cancelled and clear definitions of the sectional properties
can be seen along the main diagonal. What is of note is the asymmetric coupling between bending
and twisting described by δ31 and δ32, this is due to the assumption that the laminates are only
allowed to rotate around the z-axis. This assumption is valid for the current analysis, however,
modifications to the rotation operator given in Section 4.1.1, would manifest themselves as
couplings between different deformation modes in Equation (4.42).
Unlike in the CLPT, the integration remains implicit and not performed. This is because
unlike in CLPT, the laminates for one-dimensional continua are not intrinsically rectangular in
cross section. The width of the lamina can vary to accommodate a variety of shapes, allowing both
the material and geometric properties to vary over the cross section. Under the assumption of a
rectangular cross section, equivalent one-dimensional stiffness characteristics from CLPT are
recovered, further details are presented in Section 4.5. It is noted that, although not formulated
here, the stress resultants can easily be modified to include the effects of additional external fields,
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Table 4.1: Typical material engineering coefficients.
Material E11 E22 G12 G23 ν12 ν23
Units GPa GPa GPa GPa - -
Aluminium 7074 70 70 27 27 0.3 0.3
Hexcel IM7/8552 160 10 5 2 0.3 0.5
including but not limited to thermal, hygro, electrical, etc. whereby constitutive relationships can
be established in the same manner as that for mechanical loading, such has been the case for
laminated plates and shells [125].
4.5 Properties of selected material architectures
A variety of similarities exist between CLPT and the laminated beams presented herein, owing to
the overlap of extension, in-plane shear, bending and torsional deformation modes. To demonstrate
the compatibility between the two theories, and highlight were the two formulations differ, a
selection of sample beam geometries are presented and compared. CLPT is intended for laminates
with the axis of rotation around the through thickness direction or z-axis, the comparison is
formed assuming the rod exhibits the same restriction. To aid with the comparison the two
formulations have retained similar structures of the strain vectors. However, it should be noted,
that due to the order of the basis vectors selected in Chapter 5 the strain vector and thus stiffness
matrices will need to be rearranged. For consistency and ease of comparison all the rod cross
sections (in this section) are assumed to be rectangular, of width 1 mm. A selection of the material
properties used are presented in Table 4.1.
4.5.1 Monolithic rod
Stiffness properties for a monolithic rod with a 1mm×1mm square cross section made out
of aluminium 7074 are presented in this section. The A,B,D and α,β,δ stiffness matrices for
the equivalent material architectures from CLPT and the developed model, respectively, are
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Membrane stiffness is given in Equation (4.44a), where the stiffness for the comparable defor-
mation modes are given in A11 and α11 for extension, γxx and A33 and α33 for shear γxy. The
one-dimensional strain state does not accommodate transverse deformation due to Poisson’s
effects. Such an omission results in the laminate exhibiting a higher extensional stiffness. Trans-
verse coupling behaviour is not present for shear strains (cf. Equation (4.4)), hence the in-plane
shear stiffness matches exactly. For doubly symmetric cross sections, the two shear stiffness are
expected to satisfy α22 =α33.
Bending stiffness are given in Equation (4.44c), where the stiffness for equivalent deformation
modes are given in D11 and δ11 for bending around the y-axis and D33 and δ33 for axial torsion.
An elevated bending stiffness is observed in CLPT due to the elevated extensional modulus
resulting from the omission of Poisson’s effects. A clear distinction exists in the torsional stiffness
D33 and δ33, the ability to account for through thickness shear additionally contributes to the
torsional stiffness. In the case for an isotropic doubly symmetric section, this contribution is
equal in magnitude to the effects from in-plane shear, seen in the second term of the definition of
δ33 in Equation (4.43c). For doubly symmetric cross sections, the two bending stiffnessess are
expected to satisfy δ11 = δ22.
4.5.2 Symmetric laminated beam
Stiffness properties for a laminated rod with a symmetric stacking sequence of [θ2/0/θ2] made of
uni-directional IM7/8552 are presented in this section. Each lamina is 0.125 mm thick and 1 mm
wide. The A,B,D and α,β,δ stiffness matrices for the equivalent material architectures from
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With a laminated architecture you can again observe the effects of elevated moduli through
omission of Poisson’s effects, in A11 and D11. The symmetrically laminated architecture produces
bend-twist coupling, this can be seen in the D31 and δ31 of Equation (4.45c). Although not
presented here, due to preserving consistency between the rotation axis of the two models, bend-
twist coupling can also exist between the additional bending mode available to one-dimensional
continua, such behaviour would result in δ23 = δ32 6= 0. The reduction in the difference between
the two theories for the torsional stiffness arises from the orthotropy of the lamina, i.e. G12 >G23.
4.5.3 Antisymmetric laminated beam
Stiffness properties for a laminated rod with a antisymmetric stacking sequence of [θ2/0/−θ2]
made of uni-directional IM7/8552 are presented in this section. Each lamina is 0.125 mm thick
and 1 mm wide. The A,B,D and α,β,δ stiffness matrices for the equivalent material architectures


































Antisymmetric laminates are known to possess non-zero terms in the coupling matrix, B,
analogous behaviour is seen in the coupling matrix, β. An axial extension, γxx generates an
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in-plane shear at the lamina level, the complimentary manner of the laminates of opposite sign
act to produce a net shear of the centreline, this can be seen as α13 = 0. However, such behaviour
is non-zero for symmetric laminates, as shown in Equation (4.45a). Although the antisymmetric
nature of the laminate acts to eliminate extension-shear coupling, it generates a non-zero net
twisting moment, resulting in B13 6= 0 and β13 6= 0. As no through thickness shear γxz is generated
under axial extension the additional deformation mode does not contribute to the extension-twist
coupling. The difference between B13 and β13 arises due to the omission of Poisson’s effects on
the Young’s modulus.
4.6 Conclusions
A formulation for the constitutive behaviour of a variety of material architectures for one-
dimensional continua is presented alongside examples of selected monolithic and laminated
architectures. The model acts to complement and extended the tools available for analysing
two-dimensional laminated continua to beams and rods of use in this thesis. It was demonstrated
that the developed model produces higher torsional stiffness owing due to the presence of through-
thickness shear and a lower extensional modulus due to the omission of Poisson’s effects.
Limitations in the formulation pertain to the assumption of constant shear strain over the
cross section. Such limitations have been addressed in the CLPT, and would be an advisable
extension to the formulation presented here. This includes higher-order shear deformation











Derivation of the balance laws for a three-dimensional space beam are presented in thischapter. Initially, in Section 5.1, the quaternions and their algebra are introduced,with specific emphasis on their parametrisation of SO(3). The geometrically exact
kinematics of one-dimensional continua are presented in Section 5.2, allowing for extension,
shear, bending and torsion. Subsequently, in Sections 5.3 to 5.5, the equilibrium equations are
derived in the quaternion algebra following the approach of Zupan et al. [94], where the virtual
work statement proposed by Reissner [84] is extended into three-dimensions. The initial novelty
presented in this chapter is the extension of this framework to incorporate flexural-membrane
coupling at the constitutive level, commonplace in FRP laminates. The use of quaternions in
this manner results in a concise, geometrically exact, singularity free and purely polynomial
description of the mechanics of laminated one-dimensional continua capable of spatially variable
geometry, stiffness and pre-strain. The equilibrium equations are discretised in accordance
with a Galerkin-type finite element scheme and the residual vector and tangent operator are
recovered in Section 5.7. Furthermore, in Section 5.8, a derivation is proposed for a hinge coupling;
i.e. a kinematic connector element allowing for a single relative rotational degree of freedom
between two nodes, in an algebraically consistent manner. This connector is fundamental to
describe the kinematics of nonlinear lattices, linking the individual rods together to form the
lattice assembly whilst allowing the lattice cells to scissor. A multiplicative update procedure
employing the exponential map and techniques for handling rotational boundary conditions in
the quaternion space are presented in Section 5.9 and Section 5.10, respectively. The formulation
is tested against a selection of benchmark examples from the literature in Section 5.11. Finally,
conclusions are drawn in Section 5.12. Concisely, this chapter concludes the development of
the numerical framework required to design and analyse nonlinear lattices with geometrically
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complex topologies in accordance with the requirements identified in Section 2.4.
5.1 Quaternion algebra
This section presents the fundamentals of the quaternion algebra necessary for the derivations
presented in the following sections, specifically their parametrisation of the three-dimensional
rotation group, SO(3). Accordingly, this introductory section can be found in many textbooks on
quaternions e.g. [126, 127]. A quaternion â is defined as
â= a0 +a1 i+a2 j+a3k, (5.1)
where a0,a1,a2,a3 ∈R, and the imaginary numbers i, j,k are related by
i2 = j2 = k2 = i jk =−1. (5.2)
The four vectors 1, i, j,k form the basis of the set of quaternions H. Therefore, quaternions can
be seen as vectors in four-dimensional Euclidean space R4, whose components are a0,a1,a2,a3.
We can write the quaternions in vector form as â = [a0,a1,a2,a3]. Subsequently, they can be
viewed as a combination of two linear subspaces, the scalar part a0 ∈ R and the vector part
[a1,a2,a3] ∈R3 and are often written as
â= a0 +a1 i+a2 j+a3k = a0 +a. (5.3)
Here a clear distinction is made between a vector a ∈ R3 and a quaternion â ∈ R4 by a hat. We
know that R3 is a linear subspace of H, thus it is trivial to extend any basis in three-dimensional
Euclidean space (x1,x2,x3) into the four-dimensional quaternion space (x̂0, x̂1, x̂2, x̂3), where
x̂0 = 1+0 and x̂i = 0+xi, with i = 1,2,3. Therefore, any vector r ∈R3 can be extended into H by
r̂= 0+r, possessing zero scalar part, and is referred to as a pure quaternion. In an analogous way
to complex numbers, the quaternion conjugate is defined as â∗ = a0 −a. The quaternion space, H,
is equipped with an inner product
â · b̂= a0b0 +a ·b, (5.4)
and a quaternion norm
||â|| =
p
â · â . (5.5)
As well as scalar multiplication
λâ=λa0 +λa, (5.6)
addition
â+ b̂= (a0 +b0)+ (a+b), (5.7)
and a non-commutative quaternion multiplication, or Hamilton product, denoted by ◦, which,
following Equations (5.1) and (5.2), is defined as
â◦ b̂= (a0b0 −a ·b)+ (a0b+b0a+a×b) , (5.8)
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where · and × are the inner and cross product, respectively. It is clear that the Hamilton product
is a combination of linear vector operations, as such, it can be represented by a linear matrix



















where In is the n×n identity matrix and the ˜ represents the skew symmetric matrix associated







5.1.1 Parametrisation of SO(3)
A special subset of the quaternions, q̂, called unit quaternions (or versors), satisfying ||q̂|| = 1,
represent a parametrisation of the three-dimensional rotation group, q̂ ∈ SO(3). For a rotation, θ,






This equation also implies
q̂◦ q̂∗ = q̂∗ ◦ q̂= 1̂= 1+0, (5.12)
which defines the identity rotational quaternion 1̂ = 1+ 0. Noting the half angle defined in
Equation (5.11), the rotation operation in the quaternion algebra takes the following form
â= q̂◦ b̂◦ q̂∗, (5.13)
where analogously, its inverse is defined as
b̂= q̂∗ ◦ â◦ q̂. (5.14)
Making use of the matrix definition in Equation (5.9), the quaternion rotation operation can be
expressed in matrix form as






where the matrix R ∈ SO(3) is the classical orthogonal rotation tensor associated with a rotation
θ about an axis n. A compound rotation q̂3, comprising a rotation q̂1, followed by a rotation q̂2, is
defined
ĉ= q̂3 ◦ b̂◦ q̂∗3 = q̂2 ◦ q̂1 ◦ b̂◦ q̂∗1 ◦ q̂∗2 , (5.16)
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Figure 5.1: Schematic showing the framed space curve representation of a rod in a fixed global
coordinate system g. A rod in a straight reference configuration is shown with a grey centreline.
In this configuration, the centreline is aligned to g1, its local inertial frame is dentoed e, the
location of the centreline is defined by r0. The equivalent rod in a deformed configuration is
shown with a red centreline. A collection of cross sections, Ω, intersect the centreline at their
centroids, shown as block dots. The position vector of the centreline is defined by r along with the
orientation of its inertial frame E associated with each cross section Ω.
where q̂3 = q̂2 ◦ q̂1. From this expression it is clear that the non-commutative behaviour of finite
rotations in R3 is preserved in the quaternion parametrisation. Making note of the ability to
represent the Hamilton product as a linear matrix operation (Equation (5.9)) and the existence
of the inner product (Equation (5.4)), the following relationships are defined to help with the
rearrangement of the quaternion formulas presented later. Given arbitrary quaternions â, b̂ and
ĉ
â · (b̂◦ ĉ)= b̂ · (â◦ ĉ∗)= (â◦ ĉ∗) · b̂, (5.17a)




This section introduces describing the rod geometry as a framed space curve or Cosserat rod. The
rod is viewed as a collection of cross sections, Ω, orientated arbitrarily in R3, the line passing
through the centroid of each cross section represents the centreline of the rod [81, 83]. Let
the fixed global Cartesian coordinate system be defined by g = (g1,g2,g3), the positions of the
centroids of the cross sections are described by r with reference to the global coordinate system,
as shown in Figure 5.1.
The cross sections, Ω, are defined by a set of orthonormal basis vectors denoted e= (e1,e2,e3)
of which e2 and e3 span two orthogonal directions of the cross section, and e1 is defined such
that e1 = e2 ×e3 remains normal to the cross section. The orthonormal basis vectors are typically
chosen to align to the principle inertial directions x,y,z, as detailed in Chapter 4. It should be
noted that in this description there is no requirement for the vector e3 to remain parallel to the
tangent vector of the centreline r′, where the dash represents differentiation w.r.t. the arc length
parameter s.
The orientation of the inertial frame at any given position along the length of the rod is
defined by the linear transformation operation, R, with reference to the global coordinate system
g, such that e=Rg. In the reference configuration, this transformation will be denoted with a
zero subscript, such that e0 =R0g, where R0 maps the global frame to the local inertial frame at
any given point s along the length of the rod. In an analogous way, once the rod has deformed, it
moves to a new position and orientation, such that the new inertial frame is defined by E=Rg.





Therefore, it can be seen that the description of a rod with a reference configuration other than a
straight line can easily be accommodated, where the rotation operation R0 becomes a function of
the arc length parameter, R0(s). For a reference configuration with the centreline aligned with
g1, such that e1 = g1, as shown in Figure 5.1, the rotation transformation is defined as R0 = I3.
Using this definition, we can derive an expression for the strain rates of the system, noting
that curvature induces a change in the orientation of the frame, which itself is defined purely in




We know R ∈ SO(3), thus, the product κ̃=R′RT is a skew symmetric matrix, such that the above
expression can be recast as
E′i = κ̃Ei =κ×Ei, i = 1,2,3, (5.20)
97
CHAPTER 5. ONE-DIMENSIONAL CONTINUA
where κ coincides with the standard definition of an angular velocity vector associated with the
evolution of the inertial frame described by R [89]. It is well established that κ contains the
flexural strain rates such that
κ= [κ1,κ2,κ3]T, (5.21)
where κ1,κ2,κ3 are the local strain rates around the axis E1,E2,E3, respectively [3, 83]. The
translational strains, γ, are recovered in the standard manner [81, 83, 85, 86]. When written in
the quaternion algebra, utilising Equation (5.13) the strain definitions read
γ̂local = q̂∗ ◦ r̂′ ◦ q̂− γ̂0, (5.22a)
κ̂local = 2q̂′ ◦ q̂∗− κ̂0, (5.22b)
defined in the local inertial frame, E. Where γ̂0 and κ̂0 represent the membrane and flexural
strains in the reference configuration, respectively. In the remainder of this derivation, variables
are stated in the global frame, g, unless the subscript •local is used to indicate their representation
in the local inertial frame, E.
5.3 Virtual work principle
In an analogous fashion to Zupan et al. [94], we proceed by following the work presented by
Reissner [84]. We begin with the following virtual work statement
∫ L
0
Nlocal(s) ·δγlocal(s) + Mlocal(s) ·δκlocal(s)ds =
∫ L
0
n(s) ·δr(s) + m(s) ·δθ(s)ds
+ [F(s) ·δr(s) + P(s) ·δθ(s)]L0 , (5.23)
where N and M are the internal stress resultant force and moment vectors in the local frame, δγ
and δκ are the virtual strain vectors in the local frame. n and m are the distributed forces and
moments in the global frame. δr and δθ are the virtual displacement and (axis-angle) rotation
vectors, respectively. F and P are the point forces and moments at the boundaries 0 and L of the
integration domain.
As described in Section 5.1, only a subgroup of H, the unit quaternions, ||q̂|| = 1, represent
pure rotations. Therefore, Equation (5.5) is employed as a geometric constraint to ensure that
the quaternions have a unit norm. This nonlinear geometric constraint is enforced through the









2λq̂ ·δq̂ + (q̂ · q̂−1)δλds, (5.25)
98
5.4. VIRTUAL STRAINS
added to the virtual work statement. In addition to introducing an additional independent
variable, λ, the constraint highlights that the four components of a rotational quaternion are not
mutually independent.
The virtual work statement is to be recast in terms of the quaternion algebra. Namely, the
rotational variations, defined in terms of the rotation vector δθ, are replaced by the variations of
rotational quaternion δq̂. Taking variations of Equation (5.13)
δâ= δq̂◦ b̂◦ q̂∗+ q̂◦ b̂◦δq̂∗
= δq̂◦ b̂◦ q̂∗− q̂◦ b̂◦ q̂∗ ◦δq̂◦ q̂∗
= δq̂◦ b̂◦ q̂∗− â◦δq̂◦ q̂∗
= δq̂◦ q̂∗ ◦ â◦ q̂◦ q̂∗− â◦δq̂◦ q̂∗
= δq̂◦ q̂∗ ◦ â− â◦δq̂◦ q̂∗
= δq̂◦ q̂∗ ◦ â− ((δq̂◦ q̂∗)∗ ◦ â∗)∗
= δq̂◦ q̂∗ ◦ â− (q̂◦δq̂∗ ◦ â∗)∗
= δq̂◦ q̂∗ ◦ â+ (q̂◦ q̂∗ ◦δq̂◦ q̂∗ ◦ â∗)∗
= δq̂◦ q̂∗ ◦ â+ (δq̂◦ q̂∗ ◦ â∗)∗
= δq̂◦ q̂∗ ◦ â+δq̂◦ q̂∗ ◦ â
= 2δq̂◦ q̂∗ ◦ â
= δθ̂ ◦ â, (5.26)
where, we can define the variation of the rotation vector in the quaternion space, δθ̂, due to a
variation of the rotational quaternion, δq̂, such that





The resulting formula for the virtual work principle in H is given by∫ L
0
Nlocal ·δγlocal + Mlocal ·δκlocal ds =
∫ L
0




2λq̂ ·δq̂ + (q̂ · q̂−1)δλds, (5.28)
where appropriate, vector quantities have been extended into the quaternion space through
representing them as pure quaternions, in accordance with the procedure outlined in Section 5.1.
5.4 Virtual strains
We now derive the definitions of the virtual strains in terms of the independent variables, the
(rotational) quaternions, q̂, and positions, r̂, and their variations, δq̂ and δr̂. The standard
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equilibrium equations for a space beam are given such that [3, 83]
n=−N′
=−(q̂◦ N̂local ◦ q̂∗)′ , (5.29)
m=−M′−r′×N
=−(q̂◦M̂local ◦ q̂∗)′− r̂′× (q̂◦ N̂local ◦ q̂∗) . (5.30)
These relationships are substituted into the virtual work statement Equation (5.28) to define
the distributed stress resultant forces and moments in terms of the local frame, E. Note that as
Equation (5.24) does not influence the following derivation, it has been omitted for clarity. The
virtual work statement now reads∫ L
0
Nlocal ·δγ+Mlocal ·δκds =
∫ L
0






)′+ r̂′× (q̂◦ N̂local ◦ q̂∗)}◦ q̂) ·δq̂ds
+ [F ·δr+2(P̂◦ q̂) ·δq̂]L0 . (5.31)
Evaluating each term on the right hand side separately and employing the relationships defined
in Section 5.1, the following rearrangements are made∫ L
0
−(q̂◦ N̂local ◦ q̂∗)′ ·δr̂ds =−[(q̂◦ N̂local ◦ q̂∗) ·δr̂]L0 −∫ L
0
−(q̂◦ N̂local ◦ q̂∗) ·δr̂′ ds
=−[N̂local · (q̂∗ ◦δr̂◦ q̂)]L0 +∫ L
0










)′ · (δq̂◦ q̂∗) ds






] · (δq̂◦ q̂∗)′ ds











r̂′× (q̂◦ N̂local ◦ q̂∗)]◦ q̂) ·δq̂ds =−2∫ L
0
[















F̂ ·δr̂+2(P̂◦ q̂) ·δq̂]L0 = [F̂ ·δr̂+2P̂ · (δq̂◦ q̂∗)]L0 . (5.35)
Substituting these rearrangements back into the virtual work statement, the latter becomes∫ L
0




q̂∗ ◦δr̂◦ q̂)]L0 +∫ L
0
N̂local · (q̂∗ ◦δr̂′ ◦ q̂)ds










q̂∗ ◦ (r̂′× (δq̂◦ q̂∗))◦ q̂] ds
+[F̂ ·δr̂+2P̂ · (δq̂◦ q̂∗)]L0 . (5.36)












q̂∗ ◦ (δq̂◦ q̂∗)′ ◦ q̂]] ds
+ [N̂local · (q̂∗ ◦δr̂◦ q̂)]L0 + [M̂local ·2(q̂∗ ◦δq̂)]L0 − [F̂ ·δr̂+2P̂ · (δq̂◦ q̂∗)]L0 = 0, (5.37)
and identifying that N̂local and M̂local are arbitrary independent unknowns, a statement for the
virtual strains in terms of the independent variables and their variations can be made as follows
δγ̂local =
(
q̂∗ ◦δr̂′ ◦ q̂)+2(q̂∗ ◦ (r̂′× (δq̂◦ q̂∗))◦ q̂) , (5.38a)
δκ̂local = 2
(
q̂∗ ◦ (δq̂◦ q̂∗)′ ◦ q̂) . (5.38b)
Analogous statements can also be recovered directly by taking variations of Equation (5.22).
Such a procedure is performed in the linearisation of the stress resultants given in Section 5.6.
The definitions given in Equation (5.38) are equivalent to those presented by Simo and Vu-Quoc
[86], but cast in the quaternion algebra.
5.5 Equilibrium equations
Substituting the definitions of the virtual strains, Equation (5.38), into the extended virtual work
statement, Equation (5.28), so the variations are in terms of the primary variables, the virtual










2q̂∗ ◦ (δq̂◦ q̂∗)′ ◦ q̂] ds−∫ L
0
n̂ ·δr̂+2(m̂◦ q̂) ·δq̂ds





(q̂ · q̂−1)δλds = 0. (5.39)
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After performing integration by parts, utilising Equations (5.12), (5.13) and (5.17) the following




q̂∗ ◦δr̂′ ◦ q̂) ds = ∫ L
0
N̂ ·δr̂′ ds







q̂∗ ◦ (r̂′× (δq̂◦ q̂∗))◦ q̂) ds = 2∫ L
0















2q̂∗ ◦ (δq̂◦ q̂∗)′ ◦ q̂) ds = 2∫ L
0



























= 2[(M̂◦ q̂) ·δq̂]L0 −2∫ L
0
(





Upon substitution of Equations (5.40) to (5.42) into the virtual work statement, Equation (5.39),
and reintroducing Equation (5.25), the statement becomes
[











M̂◦ q̂)′ ·δq̂ds+2∫ L
0
(
M̂◦ q̂′) ·δq̂ds−∫ L
0
n̂ ·δr̂+2(m̂◦ q̂) ·δq̂ds





(q̂ · q̂−1)δλds = 0. (5.43)
Where, after performing integration by parts and collecting terms around the variations of
the independent variables δr̂, δq̂ and δλ and their derivatives, the following weak form of the
equilibrium equations can be defined∫ L
0
(












The strong form of the equations can be recovered from Equation (5.44). After performing
integration by parts and invoking the fundamental lemma of the calculus of variations, we obtain:
N′+n= 0, (5.45)[
M̂′+ (r̂′× N̂)+m̂−λ1̂]◦ q̂= 0̂, (5.46)
q̂ · q̂−1= 0, (5.47)
along with the following boundary terms
N0 −F0 = 0, (5.48)
NL −FL = 0, (5.49)(
M̂0 − P̂0
)
◦ q̂0 = 0̂, (5.50)(
M̂L − P̂L
)
◦ q̂L = 0̂. (5.51)
Note the similarity between the definitions above and the definitions in terms of the standard
rotational vector in Equation (5.29), where the difference in the rotation parametrisation and the
extension into R4 only manifests itself in the moment equilibrium equations.
Of note here is the presence of the Lagrange multiplier only in the moment equilibrium, and
when λ = 0, the original axis-angle form of the equilibrium equations is recovered. Thus, the
Lagrange multiplier represents the moment acting on the system as a result of extending the
vectors into H. Initial discussion on this topic is presented in [94].
5.6 Linearisation
This section presents the details of the linearisation of the strain measures and the stress
resultants used in the derivation of the tangent stiffness matrix.
5.6.1 Strain measures
The translational strains γ̂local, are linearised by taking variations of Equation (5.22a) such that
δγ̂local = δq̂∗ ◦ r̂′ ◦ q̂+ q̂∗ ◦δr̂′ ◦ q̂+ q̂∗ ◦ r̂′ ◦δq̂
= q̂∗ ◦δr̂′ ◦ q̂− q̂∗ ◦δq̂◦ q̂∗ ◦ r̂′ ◦ q̂+ q̂∗ ◦ r̂′ ◦δq̂
= q̂∗ ◦δr̂′ ◦ q̂− q̂∗ ◦δq̂◦ q̂∗ ◦ r̂′ ◦ q̂+ q̂∗ ◦ r̂′ ◦ q̂◦ q̂∗ ◦δq̂
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The flexural strains κ̂local, are linearised by taking variations of Equation (5.22b)
δκ̂local = 2δq̂∗ ◦ q̂′+2q̂∗ ◦δq̂′
=−2q̂∗ ◦δq̂◦ q̂∗ ◦ q̂′+2q̂∗ ◦δq̂′








The constitutive model proposed in Chapter 4 is defined in R3, to be employed herein, it needs to
be extended into R4. In a analogous procedure as that proposed for extending vectors into pure






















The linearisation of the internal stress resultant, subject to the constitutive model given above, is
δN̂= δq̂◦ N̂local ◦ q̂∗+ q̂◦δN̂local ◦ q̂∗+ q̂◦ N̂local ◦δq̂∗
= δq̂◦ N̂local ◦ q̂∗+ q̂◦δN̂local ◦ q̂∗− q̂◦ N̂local ◦ q̂∗δq̂◦ q̂∗
= δq̂◦ q̂∗ ◦ q̂◦ N̂local ◦ q̂∗+ q̂◦ (α̂δγ̂local + β̂δκ̂local)◦ q̂∗− N̂◦δq̂◦ q̂∗
















Upon substitution of the variations of the strains, the stress resultant force can be defined in































































In an analogous way, the same procedure is performed for the internal moment, such that
δM̂= δq̂◦M̂local ◦ q̂∗+ q̂◦δM̂local ◦ q̂∗+ q̂◦M̂local ◦δq̂∗
= δq̂◦M̂local ◦ q̂∗+ q̂◦δM̂local ◦ q̂∗− q̂◦M̂local ◦ q̂∗δq̂◦ q̂∗
= δq̂◦ q̂∗ ◦ q̂◦M̂local ◦ q̂∗+ q̂◦ (β̂Tδγ̂local + δ̂δκ̂local)◦ q̂∗−M̂◦δq̂◦ q̂∗














































































Having established an appropriate weak form of the equilibrium equations for a continuous
system, an equivalent discrete form suitable for solving with the finite element method is required.
The integration domain s ∈ [0,L] is divided into Ne elements. Each element is composed of n+2
nodes, where n represents the number of internal nodes and is related to the order of the
interpolation scheme, the total number of nodes, Nt = Ne(n+1)+1. The primary variables and
their variations are interpreted in the standard manner of the Galerkin approach. The following













where, ψi is the shape function corresponding to node i. For the analysis presented in Chapter 6,
Lagrange polynomials have been used as shape functions. Noting that it is only the shape
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A note must be made here on addressing the primary unknowns’ existence in vector spaces.
Namely, unit quaternions are manifolds, as such, the use of superposition techniques in piecewise
polynomials is invalid. Therefore, only the positions and Lagrange multiplier are appropriately
discretised in this manner. The definition of the variations are fundamentally arbitrary (subject
to appropriate boundary conditions) and independent quantities. Therefore, they are not confined
to be rotational quaternions and are simply vectors in R4, which allows the same shape function









As with the Galerkin method, the same shape functions are used for both the variations and the
trial functions. Evaluation of the integrals is performed using the standard Gaussian quadrature,
utilising the discretisation method identified above. Values of the functions to be integrated are
interpolated to and evaluated at the Gauss points. The order of the integration is equivalent to
the number of internal nodes, n. Reduced integration is used to eliminate shear locking for low
order elements, n ≤ 2, see [94] for details.
5.7.1 Residual force vector
Substituting the discrete form of the independent variables, Equation (5.60), and their derivatives,
Equation (5.61), into the extended virtual work principle, Equation (5.44), the discrete principle
























(q̂ · q̂−1)ψi ds
]
·δλi = 0. (5.63)
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Invoking the fundamental lemma of the calculus of variations, the following statement can be

















(q̂ · q̂−1)ψi ds = 0, (5.64c)
where Rki represents the residual for the k
th degree of freedom at node i. Equation (5.64)
represents the equilibrium equations for each node, providing at each discretisation point 8
degrees of freedom; 3 positional in r (k = 1,2,3), 4 rotational in q̂ (k = 4,5,6,7) and one for the
Lagrange multiplier λ (k = 8).
5.7.2 Tangent stiffness matrix
The tangent stiffness matrix, KT = δR, is obtained by taking variations of the residual projected
onto the corresponding degrees of freedom [125, 128]. For the translational degrees of freedom,








Upon substitution of the relationships given in Section 5.6 and Equations (5.60) and (5.61), K1−3T














































δ(2M̂◦ q̂)ψ′i −δ2((r̂′× N̂)◦ q̂)ψi +δ(M̂◦ κ̂◦ q̂)ψi −δ2(m̂◦ q̂)ψi +2λ1̂◦ q̂ψi ds. (5.67)
At this stage it is convenient to make the following substitutions
Γ̂1 = 2M̂◦ q̂, (5.68a)
Γ̂2 =−2(r̂′× N̂)◦ q̂, (5.68b)
Γ̂3 = M̂◦ κ̂◦ q̂, (5.68c)
Γ̂4 =−2m̂◦ q̂, (5.68d)
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where, each term can be varied separately and again, upon substituting the relationships in
Section 5.6, they can be defined in terms of the primary unknowns such that






























































































































0) ·δq̂0 −2δiLφL(P̂L) ·δq̂L.
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Figure 5.2: Schematic showing two nodes α and β kinematically constrained via a hinge coupling.
The hinge axis, ĥ, shown as a dashed blue line, defines the axis of the single relative rotational
degree of freedom between the two nodes. An orthonormal hinge frame A = [α̂1,α̂2,α̂3] and
B = [β̂1, β̂2, β̂3] is associated with nodes α and β, respectively, shown here in red. The frames
are defined such that α̂1 = β̂1 = ĥ, the other directors are required only to be orthonormal to the
hinge axis. Note how the hinge frames, A and B are not necessarily aligned with the inertial
frames E shown in black.
Employing the discrete form of the primary unknowns, Equations (5.60) and (5.61), the terms





















































+2δi0φL(P̂0) ·δq̂0 −2δiLφL(P̂L) ·δq̂L. (5.73)




q̂ψiψ j ·δq̂ j. (5.74)
5.8 Hinge coupling
A nonlinear lattice comprises multiple elastic rods linked together via mechanical couplings. In
this section, the mathematical description of such a coupling is presented, derived utilising the
quaternion algebra presented in Section 5.1, so as to remain consistent with the derivations of the
balance laws presented in Section 5.5. Subsequently, the modification to the discrete linearised
system is presented.
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5.8.1 Hinge axis
Let us begin by discussing the construction of the connector itself, a hinge. Consider two discreti-
sation points, α and β. The hinge provides a kinematic coupling allowing only a single relative
rotational degree of freedom to exist between these two points. The axis of rotation, ĥ, is referred
to herein as the hinge axis. The axis is defined relative to the structural inertial frame E, thus it
moves with the structure as it deforms.
Consider an orthonormal reference frame A= [α̂1,α̂2,α̂3] and another B= [β̂1, β̂2, β̂3] associ-
ated with the nodes α and β, respectively, as shown in Figure 5.2. The two local hinge frames, A
and B, are constructed to ensure one of their basis vectors, α̂1, and, β̂1, are coincident with the
hinge axis, ĥ, such that
α̂1 = β̂1 = ĥ. (5.75)
The hinge axis is defined in g in the initial configuration (an admissible assembled configuration of
the lattice). This pure quaternion is pulled back to the inertial frame in the reference configuration,
E0, for each of the associated nodes such that
α̂01 = q̂0∗α ◦ ĥ◦ q̂0α, (5.76)
β̂
0
1 = q̂0∗β ◦ ĥ◦ q̂0β, (5.77)
where the subscript on the rotational quaternion q̂• denotes it association with a specific discreti-
sation point. The axis projected onto the inertial frame in the reference configuration e, is now
mapped forward to the (deformed) current configuration via
α̂1 = q̂α ◦ α̂01 ◦ q̂∗α, (5.78)
β̂1 = q̂β ◦ β̂
0
1 ◦ q̂∗β. (5.79)
Having defined the kinematics of the hinge axis, ĥ, subject to a change in the inertial frame, e,
we are now able to formulate suitable constraint equations for the lattice.
5.8.2 Position coupling
The hinge connector allows for a single relative rotational degree of freedom between the two
associated nodes. The constraints defined above address the coupling between the rotational
degrees of freedom, the corresponding positional constraint is equivalent to a spherical joint;
defined such that
r̂α = r̂β. (5.80)
Such a constraint can be enforced via a boolean operation on the solution vector, δu (and tangent
operator), whereby a master-slave node designation must be made. Care must be taken when
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selecting the master-slave nodes as inappropriate designation can often lead to convergence
issues and ill-conditioned boundary conditions. Unfortunately, no systematic approach exists
to assess the suitability of the master-slave assignment, as such they must be considered on a
case-by-case basis.
Consider two generalised positional degrees of freedom, uk and ul , they can be equated, i.e.
uk = ul , by modifying the solution vector, δu, such that
δû=Cδu, (5.81)
where C is defined as
Ci j = δi j −δikδ jk +δikδ jl , i, j = 1,2,3. . . N, (5.82)
with δ••, being the Kronecker delta and N, the total number of degrees of freedom in the system.






As we shall see, the constraints on the rotational degrees of freedom are nonlinear. Such a
nonlinear constraint can be implemented via the method of Lagrange multipliers. As can be
inferred from Figure 5.2 and the definition of the coupling Equation (5.75), it would be concise to
define a constraint equation of the form α̂1 · β̂1 −1= |α̂1||β̂1|cosθ−1= 0. Defining the constraint
in this manner would enforce the two pure quaternions α̂1 and β̂1 to be coincident, with a single
Lagrange multiplier. However, any constraint equation to be enforced via the method of Lagrange
multipliers is required to satisfy
g(u∗)= 0, (5.87)
∇g(u∗) 6= 0, (5.88)
of which, the concise definition does not. Therefore, an equivalent constraint can be defined and
enforced by utilising the orthonormality of the two hinge frames A and B, such that
g1 = α̂1 · β̂2 = 0, (5.89)
g2 = α̂1 · β̂3 = 0. (5.90)
However, this approach requires two constraint equations; requiring two Lagrange multipliers
and thus introduces two additional degrees of freedom into the system. To incorporate these into
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the virtual work statement, they are varied and projected along the associate degrees of freedom.
Taking variations of the orthonormality condition (Equation (5.89)),
δg1 = (δα̂1 · β̂2)+ (α̂1 ·δβ̂2). (5.91)
Projecting the variation of the constraint onto the involved degrees of freedom provides the
additional terms added to the residual such that
δα̂1 · β̂2 =
(
2δq̂α ◦ q̂∗α ◦ α̂1
) · β̂2
= (2β̂2 ◦ α̂∗1 ◦ q̂α) ·δq̂α











·δq̂α = Ĵα ·δq̂α, (5.92)
δβ̂2 · α̂1 =
(

























·δq̂β = Ĵβ · q̂β. (5.93)
Upon employing the appropriate substitutions, the following compact statement about the
variations of the constraint can be made:
δg = (Jα,Jβ) · (δq̂α,δq̂β)T =∇gδû=Jδû. (5.94)
5.9 Solution algorithm
In this section, the description of the one-dimensional continua presented in Section 5.7 and the
hinge coupling presented in Section 5.8 are combined to provide a system definition of nonlinear
lattice. The system is solved in accordance with the Newton-Raphson technique. Subsequently, a
consistent algorithm for updating the rotational quaternions is presented.
5.9.1 System definition
In the presence of Nc geometric constraints, such as those given in Section 5.8, the total potential




λi g i, (5.95)
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where W and Q are the internal and external work, respectively, and λi is the Lagrange multiplier
associated with the constraint equation g i. For a configuration to be in equilibrium, the residual
R, is required to be zero such that
R = δΠ= δQ−δW +
N∑
i=1
(δλi g i +λiδg i)= 0. (5.96)
Taking a first-order Taylor series expansion about the equilibrium and substituting the discrete
variations of the continua and connector, given in Section 5.7 and Section 5.8, respectively, the
augmented system is defined as
K̂Tδû+Jδλ+ R̂+λJ= 0, (5.97a)
Jδû+g= 0. (5.97b)













The vector of corrections to the primary unknowns and the additional Lagrange multipliers,
[δu,δλ]T, is iteratively solved via inversion of the augmented (bordered) tangent stiffness matrix
on the LHS.
5.9.2 Update procedure
The Newton-Raphson technique is iterative, during which Equation (5.98) is repeatedly solved
until the norm of the RHS is below a predefined threshold; signifying equilibrium has been
achieved. This section addresses how the primary unknowns are updated to incorporate the
corrections from each iteration.
Conventionally, the primary variables are defined in a vector spaces, as such, they posses a
binary addition operation which maps them into themselves. This allows the update procedure to
take the form
ri+1 = ri +δri, (5.99)
λi+1 =λi +δλi, (5.100)
where the superscript •i is used to denote the iteration number. This additive approach, unfortu-
nately, is not suitable for rotational quaternions. As described in Section 5.1, the unit quaternions
are not a vector space but a manifold; they do not posses a binary addition. Depending on the rota-
tion parametrisation, compound rotations may require a multiplicative update procedure [86, 89].
A compound rotations in the quaternion space was defined in Equation (5.16), and should be
reflected in the update procedure
113
CHAPTER 5. ONE-DIMENSIONAL CONTINUA
The output of an iteration for the rotational degrees of freedom is an arbitrary admissible
quaternion δq̂. Therefore, Equation (5.26) can be used to define the following relationship between
the variation of a rotational quaternion and the variation of the (axis-angle) rotation vector
δθ̂ = 2δq̂◦ q̂∗. (5.101)
Having defined the incremental update of the rotation vector, δθ̂, which is itself, a pure quaternion.
The corresponding incremental rotational quaternion,∆q̂, can be determined from the exponential















In accordance with Equation (5.16), ∆q̂ can be used to determine the updated quaternion at
increment i+1. ∆q̂ is incorporated into the current quaternion at increment i, q̂i, such that
q̂i+1 =∆q̂◦ q̂i. (5.103)
In addition to the primary unknowns, their derivatives are also required, again for the positions
this is not a problem as the shape functions can simply be differentiated as defined in Equa-
tion (5.61). Such a procedure, however, is not permissible for the unit quaternions. Instead, as
proposed in [93, 94, 97] the vector space spanned by the curvatures, κ̂, can be exploited. The
incremental curvature, δκ̂, from an incremental change in the rotation quaternion, δq̂, in the
global coordinate system g is defined as
∆κ̂= 2∆q̂′ ◦∆q̂∗. (5.104)
The global incremental curvature, ∆κ̂, can be transformed into the local inertial frame of the
next iteration Ei+1 upon determination of q̂i+1, such that
∆κ̂local = q̂∗i+1 ◦
(
2∆q̂′ ◦∆q̂∗)◦ q̂i+1, (5.105)
upon which, the curvature in the iteration i+1 can be determined via the additive procedure
κ̂i+1local = κ̂ilocal +∆κ̂local. (5.106)
The updated curvature can subsequently be used to determine the values of the derivative of
the rotational quaternion (cf. Equation (5.22)) in iteration i+1. Finally, the derivative of the




















































In the previous section the continua of a rod has been described from a virtual work statement,
where, point and distributed forces and moments can be applied to the structure. In addition to
these loading scenarios, the structure also needs to respect boundary conditions. Such a procedure
is also imperative to be able to apply displacement-control scenarios for non-homogeneous
boundary conditions and is outlined in this section.
5.10.1 Translations
The imposition of positional constraints becomes arbitrary within the finite element context.
Positional constraints can be implemented via the following simple algorithm, accounting for both
homogeneous and non-homogeneous displacements and preserving the structure of the solution
vector. Let us assume that we would like to enforce the following condition, δu2 = A, without
restructuring the solution vector, δu on the following simplified system
K11 K12 K13 K14
K21 K22 K23 K24
K31 K32 K33 K34














Upon specification of δu2 = A, all known variables are transferred to the RHS such that
K11 0 K13 K14
K21 0 K23 K24
K31 0 K33 K34




















where the second row associated with degree of freedom u2 is now redundant. The row could now
be removed, however, such a procedure would require restructuring δu. However, the following
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substitution can be made
K11 0 K13 K14
0 1 0 0
K31 0 K33 K34




















where the second row is now equivalent to the original constraint, δu2 = A, thus, no restructuring
is required. The approach can be extended to apply multiple boundary conditions simultaneously.
Consider specifying the ith degree of freedom to be the jth value of A j, the modification to the
RHS takes the following form
R−K i j A j, i = 1,2,3, ...8Nt, (5.112)
which is applicable to both homogeneous and non-homogeneous positional boundary conditions.
Again, the corresponding rows and columns of the stiffness matrix need to be modified such that
their only nonzero entries, of which equal unity, are on the main diagonal.
5.10.2 Rotations
The configuration space of the unit quaternions is a manifold, not a vector space. Therefore,
it is ill advised to directly impose boundary conditions on the rotational degrees of freedom,
δq̂, in the manner proposed in Section 5.10.1. This is due to the rotational quaternion algebra,
the variations of which are not necessarily rotational quaternions nor are their components
mutually independent. Therefore, rotational boundary conditions can be consistently enforced via
an auxiliary constraint equation. One approach is to employ the framework already presented
above; control the rotational degrees of freedom through Lagrange multipliers. Minimal mod-
ifications are required to the description presented in Section 5.8.1 to fix the axis of rotation;
replicating a pinned joint. The geometry of the lattice leads to imposing rotational conditions at
the extremities; a pinned condition is typically enforced to nodes already coupled via the hinge
connector. Therefore, the following technique is employed to enforce the constraint
λ(α̂k · f̂)= 0, k = 2,3, (5.113)
where f̂ is an arbitrary fixed axis. Two additional Lagrange multiplier are needed to apply the
constraint across both nodes as the two frames are already kinematically constrained via the
original hinge coupling. An analogous procedure can be employed to enforce a clamped condition.
Although the above condition represents a rotation around a fixed axis, in some scenarios it
may be desirable to prescribe a non-zero rotation. In such instances, such a non-homogeneous
boundary conditions can, again, be enforced via the method of Lagrange multipliers. This time,
with the aid of the Equation (5.13), the angle (about a given axis) is ramped linearly to the target




Having proposed a formulation for the one-dimensional structural elements that comprise a
lattice, it is prudent to demonstrate that the formulation and thus its implementation in MATLAB
(which is subsequently used extensively in Chapter 6) is accurate. Therefore, this section presents
the numerical verification, performed by reproducing a number of benchmark test for nonlinear
space beams found in the literature. The results are used to compare the current formulation
(and its implementation) against its closest formulation [94], and known analytical solutions
where available.
In addition to deriving a suitable description of a space beam, such as that proposed above,
it must also be coded into the computer. Subsequently, its accuracy and robustness need to be
verified before it can be confidently used for structural analysis. This ensures the coding effort,
which is arguably a more laborious and time-consuming process than the derivation itself, is
devoid of errors. The volume of subfunctions required to encode the above formulation, along
with the necessary auxiliary tools required to describe the lattice’s behaviour should not be
understated. To this end, the majority of the time consuming aspect of this work was spent during
the implementation, debugging and verification stages of the code. Therefore, without explicitly
acknowledging it, the workload required to encode such a model can easily be overlooked.
The following test cases are designed to verify a variety of features of the formulation and
highlight its ability to suitably capture and describe the range of behaviours of interest with
regards to lattice structures. Firstly, in Section 5.11.1, the convergence of the formulation is tested
against a cantilever beam subject to a free-end moment. Secondly, in Section 5.11.2, the ability to
accurately describe initially curved geometries is evaluated for a variety of small loads. Thirdly, in
Section 5.11.3, the ability to describe initially curved geometries subject to large deformations is
assessed via a 45° cantilever beam subject to a large tip load. Finally, in Section 5.11.4, the ability
to capture large rotations is assessed, where a cantilever beam is subject to a large end-moment
and out-of-plane force, resulting in a helical deformed configuration.
5.11.1 Cantilever beam subject to a free-end moment
In this first test case, the convergence of the formulation is assessed against a known nonlinear
loading scenario, for which an analytical solution exists. The scenario consists of an initially
straight rod subjected to a free-end moment, as shown in Figure 5.3. Upon loading, the straight
rod deforms into an arc of a circle. Here, to be consistent with the results posted in [94], we impose
MY = 1000, although similar end-loaded cantilever tests for alternative stiffness properties and
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Figure 5.3: Schematic of a cantilever beam subject to a free-end moment, reproduced from [94].
Table 5.1: Convergence of the tip rotations in radians due to end moment MY , as shown in
Figure 5.3, subject to an increasing number of elements ne, and element order N.
ne = 1 ne = 2 ne = 10 ne = 50
N = 1 2.8528 2.8546 2.8571 2.8571
N = 4 2.8060 2.8540 2.8571 –
N = 6 2.8570 2.8571 – –
N = 9 2.8571 – – –
Analytical 2.8571
loading magnitudes can be found in [75, 86, 93]. The material properties of the beam are;
E = 2.1×104, A1 = 20,
G = 1.05×104, A2 = A3 = 16,
J1 = 6.4566, J2 = 1.6667,
J3 = 666.66, L = 100.
The resulting tip rotations for a variety of number of elements ne and element orders N are
presented in Table 5.1. Where, it can be seen, that the algorithm converges towards the analytical
solution with increasing element order and mesh refinement. The results presented in Table 5.1
are almost identical to those reported in [94], discrepancies are attributed to (undocumented)
differences in the two implementations, e.g. significant figures in the stiffness matrices and
chosen convergence criteria.
5.11.2 The MacNeal and Harder test problems
Here, MacNeal and Harder proposed three standard set of problems, those suitable for beams are
(i) straight, (ii) curved and (iii) twisted, as shown in Figure 5.4. Three orthogonal tips loads and
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Figure 5.4: Schematic of the (Top left) curved, (bottom left) twisted and (right) curved MacNeal
and Harder test problems, reproduced from [94]
Table 5.2: Tip deflections in the direction of loading from the MacNeal and Harder [129] test
problems.
Beam type Solution type
Displacement
Extension (F1) Shear (F2) Shear (F3) Twist (M1)
Straight 6 Elements 3×10−5 0.1080 0.4298 0.0321
Zupan et al. [94] 3×10−5 0.1081 0.4320 0.0321
Theoretical [129] 3×10−5 0.1081 0.4321 0.0321
Curved 6 Elements – 0.5027 –
Zupan et al. [94] – 0.0873 0.5022 –
Theoretical [129] – 0.0873 0.5022 –
Twisted 6 Elements – 0.0054 0.0018 –
Zupan et al. [94] – 0.0054 0.0017 –
Theoretical [129] – 0.0054 0.0018 –
an axial torsion are individually applied to the free end, as shown in Figure 5.4. The results are
compared against those of MacNeal and Harder [129] and those presented in [94]. The following
material properties for the straight beam are:
E = 1.0×107, A1 = 0.02,
G = 3.84615×106, A2 = A3 = 0.016,
J1 = 4.8630×10−5, J2 = 6.66667×10−5,
J3 = 1.66667×10−5, L = 6.0.
The initial radius of the curved beam is 4.22, the only changes in the material properties from
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Table 5.3: Free-end positions due to tip load for a 45° cantilever beam.
Formulation x y z
N = 1, Present 47.0285 15.6244 53.5281
Zupan et al. [94] 46.6026 16.5541 53.5528
N = 2, Present 46.9002 15.5564 53.5944
Zupan et al. [94] 47.4156 15.2860 53.4733
N = 3, Present 46.9002 15.5564 53.5944
Zupan et al. [94] 47.4159 15.2862 53.4725
N = 7, Present 46.8925 15.5581 53.6071
Zupan et al. [94] 47.4159 15.2861 53.4725
Bathe and Bolourchi [130] 47.20 15.90 53.4
Simo and Vu-Quoc [86] 47.23 15.79 53.37
the straight beam are:
G = 4.0×106, J1 = 4.4050×105.
The twisted beam, has its cross section linearly rotated from 0 to π/2 radians between the root
and tip. The resulting properties of the beam are:
E = 2.9×107, A1 = 0.3250,
G = 1.1885×107, A2 = A3 = 0.2816,
J1 = 0.0385, J2 = 0.0030,
J3 = 0.0355, L = 12.0.
The resulting tip deflections in the directions of the individual applied loads are presented in
Table 5.2. It can be seen that there is strong agreement between both the formulation presented
here, that in [94] and MacNeal and Harder [129]. Thus, the formulation is demonstrated to be able
to handle a variety of initially deformed geometries. A feature that will be significantly exploited
in the Chapter 6, where the initial geometry is used to impose various states of pre-strain.
5.11.3 Bending of a 45° cantilever
Here, we investigate the large displacements of a 45° cantilever of radius 100, with unit-square
cross-section subject to a tip load of 600. This loading scenario, first investigated by Bathe and
Bolourchi [130], activates all known deformation modes of the rod and is a classical benchmark
test case for space beams. The Young’s and shear modulus of this beam are E = 107 and G = E/2,
respectively. To be consistent with similar analysis reported in the literate [86, 94, 130], the
initial geometry is described by a mesh of 8 straight elements. The resulting tip deflections for
a variety of formulations and a variety of element orders are presented in Table 5.3, where the
formulation can be seen to converge with increasing element order.
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Figure 5.5: Helical deformed configuration resulting from an initially straight rod subject to an
end moment and out-of-plane load.
5.11.4 Cantilever beam bent into a helical form
Here, in the test final case, we examine the formulations ability to handle arbitrarily large
rotations under combined end-loading. In this case, a large end-moment is applied to an initially
straight rod of length, L = 10, in addition to a transverse tip-load, the resulting deformed
configuration is helical (as opposed to circular for the moment alone). This loading regime has
been investigated by many authors, to highlight the deficiency and/or suitability of various
rotation parametrisations for space beam formulations [89, 93, 97]. Interestingly, specific values
of the final position of the tip are not explicitly stated in the literature, they are at best given as
approximately -0.08, which, as many authors highlight, indicates a resulting tip deflection in the
opposite direction to the applied transverse load.
EA1 =GA2 =GA3 = 104,
GJ1 = EJ2 = EJ3 = 102.
The resulting deformed configuration, and the tip displacement upon loading can be seen in Fig-
ures 5.5 and 5.6, respectively. The figures demonstrate the implementations ability to reproduce
the final and transient tip positions of the cantilever reported in the literature [89, 93, 97].
5.12 Conclusions
It was stipulated in Chapter 1 and subsequently observed in Chapter 2 that enhanced functional-
ity can be achieved through increasing geometric complexity. For nonlinear lattice structures this
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can manifest itself as hierarchical assemblies and/or non-cylindrical topologies. In some instances,
hierarchical assemblies of cylindrical lattices can be analysed by enhancing the analytical descrip-
tion proposed by Pirrera et al. [1], as was demonstrated in Chapter 3. However, when applied
to non-cylindrical geometries their assumption of uniform behaviour is no longer applicable
and more geometrically versatile analysis techniques are required, e.g. FEA. Such a numerical
framework capable of modelling the arbitrary behaviour of the constituent one-dimensional
continua found in nonlinear lattices was presented in this chapter.
The geometrically-exact formulation employs the quaternion parametrisation of SO(3). Au-
thors typically favour the axis-angle, θ or rotation tensor, R to describe the rotation field due
to their clear geometric meaning and lack of singularity, respectively. However, the presence
of trigonometric terms can lead to cumbersome derivations, numerically-expensive function
evaluations and/or singularities. The rotation operation in the quaternion algebra on the other
hand, is purely polynomial, comprising a combination of vector operations void of trigonometric
terms. This behaviour results in simpler derivations, numerically-favourable function evaluations
and a singularity-free formulation using the minimal number variables.
Employing an FEA formulation in this manner permits relaxation of many of the kinematic
assumptions explicitly enforced in the model proposed by Pirrera et al. [1], e.g. the new framework
permits spatially variable geometry, stiffness and pre-strain. The geometrically-exact description
expands the bend-twist (only) model to include extension, shear, torsion and orthogonal bend-
ing, reflective of one-dimensional continua. Conventionally, within FEA, laminated materials
(and structures) are modelled by two-dimensional elements. As such, they are assumed to be
two-dimensional and inherit their associate DoFs and kinematics. By coupling the framework pre-
sented in this chapter with the model developed in Chapter 4, the behaviour of one-dimensional
laminate beams can be appropriately described. The proposed framework allows for a purely
one-dimensional description of the laminate rod, reflecting the one-dimensional nature of their
slender geometry and laminated material architecture.
To complete the tool kit required for analysing nonlinear lattice structures, a hinge coupling
was developed via the method of Lagrange multipliers, when formulated in this manner, loading
acting across the coupling can readily be recovered. Parametric studies of certain design variables
within FEA can often require time consuming and laborious remeshing procedures; such is the
case for mechanical pre-strain dictated by the geometry of the reference (zero energy) configu-
ration. The tool kit presented herein offers the ability to not only apply arbitrary mechanical
pre-strain to a lattice, but also investigate the influence of a variety of different forms of pre-strain
without the need for remeshing. The capability of these tools to probe the expanded design space
of nonlinear lattices for additional exploitable behaviour is the focus of the next chapter.
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Figure 5.6: Tip position of a cantilever beam subject to an end-moment and transverse load bent











The modelling framework developed in Chapter 5 allows for previously unavailable designfreedoms when analysing nonlinear lattices. The framework is designed to accommodatefor spatially variable geometry, stiffness and pre-strain within the lattice. These varia-
tions permit the kinematic assumption of a constraining cylinder to be relaxed and alternative
geometries explored. One facet of the new capability offered by the framework is showcased by
investigating how pre-strain alone can be exploited to induce non-cylindrical lattice geometries.
This chapter demonstrates that not only are other lattice geometries kinematically viable, but
they exhibit exploitable and tailorable behaviours desirable for lightweight shape adaptation.
Initially, in Section 6.1, the datum lattice geometry is defined along with its discretisation in
accordance with the methods proposed in Chapters 4 and 5. The kinematics of the cylindri-
cal lattice are reiterated in Section 6.2 followed by an exploration of boundary conditions in
Section 6.3. In Section 6.4 the influence of pre-strain is investigated. Initially, in Section 6.4.1,
the behaviour of constant pre-strain is investigated within the current framework, and shown
to recover the behaviour of cylindrical lattices. Subsequently, in Section 6.4.2, non-constant
pre-strain is investigated. Two cases are proposed which serve to influence the geometry of the
datum lattice, developing either an axial or circumferential gradient in the radius. The examples
demonstrate an ability to tailor the radial profile of the resulting lattice; a novel design freedom
unavailable with previous analysis approaches. By complementing this novel design freedom
with elastic tailoring both the geometry and response space can be tuned for multifunctionality.
In Section 6.5, two of the lattice systems from Section 3.8 are recreated within the finite element
scheme developed in Chapter 5, and their predicted response behaviours compared. Finally, in
Section 6.6, conclusions are drawn to the effectiveness of the modelling framework and use of
pre-strain at tailoring the geometry and response space.
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Figure 6.1: Schematic of an individual helix of negative handedness within the lattice in the
initial configuration. The lattice’s Cartesian and cylindrical coordinate systems are defined by
[x, y, z] and [r,θ, y], respectively.
6.1 Datum lattice
6.1.1 Geometry
The datum lattice acts as a reference point for conventional cylindrical lattice behaviour, chosen
to exhibit predicable behaviour in accordance with the previously established cylindrical lattice
kinematics. The datum lattice possesses uniform geometry and stiffness, and is equivalent
to those presented by Pirrera et al. [1] when uniform pre-strain is applied, but described in
accordance with the framework presented in Chapter 5. The datum lattice comprises eight
helices centred around a common axis, four with positive and four with negative handedness.
Each helix has a total length, L = 1000 mm, a radius, r = 79.2 mm and consists of two full turns
such that the resulting lattice has a total height, h = 100 mm, as shown in Figure 6.1. It is
intended for the lattice designs presented herein to be verified experimentally. Accordingly, the
dimensions of the datum lattice are chosen to be suitable for table-top experiments. However,
the dimensions are effectively arbitrary, as it is anticipated the behaviours of interest should be
available for a range of lattice geometries and length scales, both above and below those chosen
herein. Further discussion on proposed future work, including experimental demonstrators is
presented in Section 7.3.
6.1.2 Discretisation
Each helix is discretised into 32 2nd-order elements, as shown in Figure 6.2, with an average
element length of 31.25 mm. Each helix comprises 65 nodes with a total of 520 nodes for the
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datum lattice, as depicted in Figure 6.3. The individual helices are connected through hinge
couplings placed at the nodal intersections of the positive and negative helices, as detailed in
Section 5.8. The datum lattice comprises 68 hinge couplings as shown in Figure 6.3. The hinge
axis, the axis about which the single relative degree of freedom exists between the coupled nodes,
is defined normal to the deformation surface in the initial configuration. It is important to note
that the hinges, their axes, and thus the relative rotation DoFs are attached to the structure and
deform with it, thus each axis is only initiated in this global orientation, r in Figure 6.1. The
discretisation of the rod ensures that an element boundary node is placed at the intersection of
the helices, defining the location of the hinge.
Application of the Boolean constraint for the positional DoFs for the hinge coupling requires
specification of a master-salve couple. For all hinges, the node attached to the helix of positive
handedness has been selected as the master node. Each node possesses eight degrees of freedom
(three positional, four rotational and one for the unitary constraint on the quaternions), each
hinge coupling adds an additional two degrees of freedom through Lagrange multipliers but
removes three due to the master-slave positional coupling; the resulting lattice contains a total of
4092 DoFs.
6.1.3 Reproducing the datum lattice in Abaqus
Confidence in the proposed framework is provided through numerical verification of the code
developed for the datum lattice as a whole against the commercially available FEA suite Abaqus.
A hinge coupling can be implemented in Abaqus through a master-slave assignment for both posi-
tional and rotational DoFs. Therefore, the formulation presented in Section 5.8 utilising Lagrange
multipliers is also verified herein. Due to the limited data on experimental demonstrators, all of
the verification is performed numerically. Unfortunately, the highest order elements available
within the commercial software are second order, thus they will be used for the comparison.
Higher-order elements are available in the developed framework, but have shown to provide little
additional benefit over mesh refinement.
The zero-energy reference configuration of the datum lattice in Abaqus can be seen in
Figure 6.4. The edges are partitioned to ensure boundary nodes at the hinge coupling locations.
As per the description given in Section 6.1, each helix is discretised with 32 B32 elements—a
three-noded 2nd-order (quadratic) three-dimensional beam element.
The master-slave approach in Abaqus reduces the number of DoFs by five, three positional and
two rotational. Each hinge in the proposed formulation adds two additional Lagrange multipliers
but removes three positional DoFs, thus removes only one DoF from the system. The rotation field
in Abaqus is parametrised with the axis-angle representation, thus the developed framework
already has two rotational DoFs more per node than the commercial software.
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Figure 6.2: Discretisation of a single helix of negative handedness of length 1000 mm into 32
three-noded quadratic (2nd-order) elements. Shown in (a) isometric view, (b) the xz-plane and (c)
the yz-plane. Both boundary and internal element nodes are highlighted as red dots. The same
mesh is used for all helices, of both negative and positive handedness.
6.2 Kinematics
Before we proceed, it is convenient to restate the kinematic restrictions that were placed on the
nonlinear cylindrical lattices studied in [1]. From there, we can systematically identify which
assumptions are preserved and which are not. Although the assumptions have already been
stated in Chapter 3, they are restated here to aid readability.
The cylindrical lattice is assumed to be loaded at its extremities and along the longitudinal
axis (i.e. the y direction in Figure 6.1), and to extend or compress as a result of that. The
deformation of the cylindrical lattice is subject to the following constraints:
1. the helices are hinged where they intersect, so that the points (in the reference configura-
tion) at which the helices overlap do not change, but the relative angle between helices can
change;







Figure 6.3: Finite element mesh of the datum cylindrical lattice in the initial configuration.
Shown in (a) isometric view, (b) the xz-plane and (c) the yz-plane. The hinge frame is displayed
at the hinge location, with the hinge axis shown in blue. Nodal values are marked by solid dots.
3. the helices deform uniformly and consequently the deformation of the unit cell (cf. Fig-
ure 3.1) is representative of the deformation of the cylinder;
4. the change in arc length of the helices is small and can be neglected.
Consequently, as a whole, the lattice behaves like a single degree of freedom pseudo-mechanism
upon elongation/compression. The variable h ∈ [0, l], indicated in Figure 6.1, is used to specify the
state of the system.
In this chapter, the focus is on non-cylindrical geometries, therefore, points two, three and four
above are no longer applicable. However, there may be some instances where repetitive behaviour
could be observed within a lattice allowing for a unit cell or band of cells to be identified. We
proceed assuming no such constraint. The geometrically-exact nature of the description allows for
both bending and membrane behaviour, thus, they are included in the analysis presented herein.
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Figure 6.4: Mesh of the datum lattice presented in Section 6.1 reproduced in Abaqus. Element
edges are highlighted in green and nodal locations are highlight in red.
6.3 Boundary effects
In this section, the influence of boundary conditions on the datum lattice are investigated. As
well as understanding how boundary conditions can be used to manipulate the radius of the
lattice, it is important to determine under what conditions uniform lattice behaviour occurs. In
this section, the helices of the datum lattice are made of Aluminium, with a circular cross section
of radius 0.5 mm. Material properties are given in Table 4.1. Aluminium is chosen due to its
isotropy, allowing the lattices and loading scenarios of interest in this section to be reproduced in





















Figure 6.5: Isometric view of the datum lattice with free-free boundary conditions during an axial
extension of 700 mm. From right to left: 0 mm, 175 mm, 350 mm, 525 mm and 700 mm.
Where standard stiffness properties in accordance with the definitions for one-dimensional
continua are recovered, as detailed in Chapter 4.
The datum lattice is assessed with regards to a combination of free, clamped and pinned
boundary conditions. The pinned condition allows for translation and rotation about r and
rotation about the y only, as detailed in Figure 6.1. To isolate the influence of boundary conditions,
the datum lattice is chosen to have zero pre-strain, i.e. the zero energy configuration of the lattice
is defined in Figure 6.3 or Figure 6.4. This state of pre-strain is analogous to the individual
helices being manufactured according to the specifications given in Figure 6.1. Displacement
control is employed to deform the lattice; an axial extension of 700 mm is applied simultaneously
to the four (master) end nodes of the helices of positive handedness.
6.3.1 Results
The deformation profiles of the datum lattice during a 700 mm extension for free-free and clamped-
clamped boundary conditions are presented in Figures 6.5 and 6.6, respectively. A composite
image of the variation of the radius at full extension along the length of the lattice for a variety
of boundary conditions is presented in Figure 6.7.
The translational and flexural strain profile for the free-free, clamped-clamped and pinned-
pinned boundary conditions can be seen in Figures 6.8 to 6.10, respectively. Both the free-free and
pinned-pinned conditions result in a lattice of non-constant radius, and subsequently non-uniform
strain profiles. As expected the model predicts equal and opposite magnitude of shear strain, γ2,
torsion κ1 and curvature κ3, due to the different handedness in the helices and the resulting
orientation of the material basis vectors. A notable feature in the non-constant strain profiles is
the presence of step changes across the hinge coupling. These step changes are more pronounced
131
CHAPTER 6. INITIALLY CYLINDRICAL LATTICES
Figure 6.6: Isometric view of the datum lattice with clamped-clamped boundary conditions during
an axial extension of 700 mm. From right to left: 0 mm, 175 mm, 350 mm, 525 mm and 700 mm.
near the boundary, where the rate of change in radius is largest, as shown in Figures 6.5 and 6.6.
Excellent agreement in the strain field is observed between the developed framework and Abaqus
for all the boundary conditions. Some discrepancies arise near the step changes, these are
attributed to the extraction of strain values in the developed code being purely at the Gauss
points, where as the data extracted from Abaqus is interpolated to the nodal values.
The translational strain profiles for the pinned-pinned case successfully capture the constant
strain profile. However, there is some discrepancy between the two approaches. Abaqus predicts
an elevated extensional strain, ∆γ1 ∼ e−8 and shear strain, ∆γ3 ∼ e−6, compared to the developed
framework. It is believed these discrepancies arise due to differences in the definition of the
initial geometry, e.g. arc length and material orientation.
6.3.2 Discussion
The influence of boundary conditions on the radius of the datum lattice under axial extension can
be seen in Figures 6.5 to 6.7. Pinned-pinned boundary conditions are shown to produce a lattice of
constant radius (and constant strain), as shown in Figure 6.7. With the lattice kinematics coupling
the radius and height, it is intuitive to expect the clamped condition to produce a lattice with its
largest radius at the fixed boundary, as shown in Figure 6.7. However, it is interesting to see that
any combination of clamped and free end conditions result in a lattice of non-constant radius,
where, under free-free conditions the maximum radius occurs at the mid-height of the lattice.
Such behaviour has not previously been reported. Such behaviour was previously prohibited with
the cylindrical kinematic assumption, and the experimental demonstrators were made of two-




Figure 6.7: Variation of the datum lattice’s radius subject to differing boundary conditions.
As the lattice undergoes axial extension, each helix straightens out, reducing its curvature
and increasing its torsion. Accordingly, from the reference configuration, a given helix will develop
positive torsional strain but negative bending curvature upon extension. The lattice acts to return
to its zero-energy configuration, which, in this scenario, is a state of greater curvature and lower
torsion. The one-dimensional nature of the rod, coupled with the equal bending stiffnesses, allows
the lattice greater flexibility to twist, reducing its torsion whilst transferring some of the bending
strain to the additional curvature, κ2. Shells inherently posses a strong preferential bending
direction, with in-plane bending a clearly energetically unfavourable deformation mode, thus,
such behaviour is less likely to occur with two-dimensional continua.
Interestingly, in the presence of the clamped boundary condition, the ability of the unit cells
to scissor is restricted, resulting in a significant step change in both the translational and flexural
strain across the hinge coupling, as shown in Figure 6.9. This behaviour indicates the introduction
of point loads into the structure and is most prominent at the couplings closest to the constrained
boundary. This localised phenomena has not been captured by previous modelling efforts.
Observing that a uniform radial (and strain) profile occurs only in the presence of a pinned-
pinned boundary condition, it is prudent to consider the physical implication of such an obser-
vation. In an industrial application, it is anticipated that such a lattice will be coupled with an
actuator mechanism or monostable structure (cf. Figure 2.14). Depending on its configuration,
such a coupling may result in the lattice experiencing boundary conditions unreflective of the
pinned-pinned condition. Thereby producing strain profiles that may not be uniform. Therefore,
the analysis framework needs to capable of capturing the non-uniform behaviour. Such issues
are further exacerbated when designing for morphing applications, which, rely extensively on a
well-defined equilibrium manifolds. In addition, mechanically, it is significantly more complex to
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Figure 6.8: Translational γ, and flexural κ, strain profiles for the datum lattice at an axial
extension of 700 mm subject to free-free boundary conditions. Solid red and blue lines represent
positive and negative handed helices from the code developed herein, respectively. The dashed and
dash-dot black lines represent positive and negative handed helices from Abaqus, respectively.
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Figure 6.9: Translational γ, and flexural κ, strain profiles for the datum lattice at an axial
extension of 700 mm subject to clamped-clamped boundary conditions. Solid red and blue lines
represent positive and negative handed helices from the code developed herein, respectively. The
dashed and dash-dot black lines represent positive and negative handed helices from Abaqus,
respectively.
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Figure 6.10: Translational γ, and flexural κ, strain profiles for the datum lattice at an axial
extension of 700 mm subject to pinned-pinned boundary conditions. Solid red and blue lines
represent positive and negative handed helices from the code developed herein, respectively. The




implement a pinned-pinned condition than either the free or clamped condition [64, 69]. There-
fore, mechanical complexity of the attachment mechanism could be a driver in component down
selection and act detrimentally towards industrial adoption of this form of compliant mechanism.
6.4 Pre-strain
It has already been demonstrated, both in Chapter 3 and in [1], that (constant) pre-strain is an
invaluable design tool for elastic tailoring of nonlinear lattices. The new framework inherently
allows for a relaxation of the cylindrical lattice’s helical geometry, constraining cylinder and
associated uniform kinematics. One facet of the enhanced capability offered by the proposed
framework is showcased by investigating the influence of non-uniform pre-strain on the datum
lattice.
The lattices presented in this section employ the constitutive model developed in Chapter 4, as
such they possess a laminated material architecture. A symmetric stacking sequence of [θ2/0/θ2],
comprising 0.25 mm thick, 2 mm wide lamina of uni-directional FRP is applied to every helix.
Corresponding material properties are given in Table 4.1. A symmetric stacking sequence has
been chosen to ensure bending-twist coupling exists at the constitutive level. Reducing the design
space of the stacking sequence to a single variable facilitates a more intuitive exploration of the
design space, analogous to the procedure performed in [5].
Initially, uniform pre-strain is applied to demonstrate the framework’s ability to recover
known nonlinear response behaviour for cylindrical lattices. Subsequently, variable pre-strain is
investigated, where, the same non-constant pre-strain is applied to every helix. The variability
within the design space is investigated further by applying different non-uniform pre-strains to
individual helices, not just between helices of different handedness.
In reality, pre-strain is defined by the geometry of the zero-energy (reference) configuration
i.e. the difference between the current and manufactured shapes. In many commercial FEA
suites, a remeshing procedure is necessary to accommodate for (significant) geometric variation
of the reference configuration. However, the current framework permits the magnitude of the
pre-strain to be treated as a parametric variable, analogous to incrementing external loads
and/or non-homogeneous boundary conditions. Therefore, the response space for these nonlinear
structures is assessed in the following two loading steps:
1. the variation or distribution of pre-strain over the rod is defined a priori. The magnitude
of such a pre-strain is ramped linearly from zero to its target value, λ. The lattice is
constrained to inhibit axial extension along the y-axis in Figure 6.1. The hinge connectors
at the extremities of the lattice are allowed to translate along and rotate about r;
2. a displacement control scenario imposes an axial displacement of 700 mm to the (master)
tip nodes of the lattice, the response behaviours shown in this chapter are from this step.
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a ) κ1 =λ, κ3 = 0, λ ∈ [−0.01,0.01], θ = 0°. b ) κ1 = 0, κ3 =λ, λ ∈ [−0.01,0.006], θ = 0°.
c ) κ1 =λ, κ3 = 0, λ ∈ [−0.01,0.01], θ = 30°. d ) κ1 = 0, κ3 =λ, λ ∈ [−0.01,0.006], θ = 30°.
Figure 6.11: Response space for the datum lattice with a variety of constant pre-strain magnitudes
λ and ply angles θ. The laminated helices comprising the lattice have a stacking sequence of
[θ2/0/θ2]. Stable equilibria and limit points are shown as green and red markers, respectively.
Investigation of the influence of pre-strain has proven to be a non-trivial yet intriguing endeavour,
and serves as one of the driving factors warranting development of the generalised framework
developed herein, as discussed in Section 1.3. Initial efforts utilised commercial finite element
package Abaqus for lattices of zero pre-strain, such as those shown in Section 6.3. The models
were shown to replicate some of the behaviours already observed in cylindrical lattices.
The focus of this chapter is on the influence of variable pre-strain, thus a requirement exists
to rapidly explore the design space offered by arbitrary pre-strains. Abaqus offers the ability
to apply a strain (or other) field to a model with a compatible mesh via the ∗IMPORT command.
This command allows for different strain fields to be applied to the helices from a variety of
manufactured shapes, i.e. the geometry in the reference configuration. However, the precursory
study into the viability of ellipsoidal lattices [23] revealed inaccuracies in this process which
rendered the analysis inconclusive. Therefore, it was deemed prudent to develop a bespoke tool
kit such as that outlined in Chapter 5, bypassing the known issues associated with commercial
software. The bespoke tool kit is designed to allow easier manipulation of the pre-strain and




A variety of desirable nonlinear behaviours have already been observed for cylindrical lattices,
where, analytical descriptions based on uniform behaviour has allowed their design spaces to
be explored. Here, the cylindrical behaviour is reproduced along with a variety of nonlinear
behaviours even in the absence of the cylindrical constraint being explicitly enforced. For a lattice
comprising helices with a stacking sequence of [θ2/0/θ2], the influence of varying λ and θ is shown
in Figure 6.11. The framework is able to capture the formation of desirable nonlinear behaviours
including snap-through and bi-stability for a variety of pre-strain levels. A variety of zero and
non-zero pre-strains have been explored to demonstrate how these design variables influence the
response space. Having identified regions within the design space exhibiting desirable behaviour,
the response behaviour can subsequently be tailored by tuning λ and θ.
For all constant pre-strain levels presented in Figure 6.11, the resulting lattices were ideally
cylindrical i.e. of constant radius. At full extension, the latices exhibited radial profiles identical
to the pinned-pinned condition shown in Figure 6.7. This behaviour demonstrates that although
constant pre-strain is able to tailor the response space, it is unable to tailor the geometry of the
initially cylindrical datum lattice.
6.4.2 Variable pre-strain
The investigation in the influence of variable pre-strain is divided into two categories, reflecting
the resulting influence on the radius of the lattice. In accordance with the cylindrical coordinate
system defined in Figure 6.1, the following two regimes are proposed:
1. axial gradient drdz - the lattice exhibits (circular) cross sections of constant radius, however
the radius varies along the height of the lattice;
2. circumferential gradient drdθ - the lattice exhibits (non-circular) cross sections of variable
radius. The cross section is constant over the height of the lattice.
To simplify the design space and highlight the influence of the non-constant profile, three shape
functions are investigated; a linear step change, a smooth (trigonometric) step change and a
periodic profile. In accordance with the procedure outline in Section 6.4, the magnitude of these
profile are scaled by λ. The unscaled profile can be seen in Figure 6.12 and are defined explicitly
as
Φ1 = sL , (6.2a)

















, v . . .1,2,3...Nh, (6.2c)
where Nh is the total number of handed helices, which, for the datum lattice, Nh = 4.
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1 2 3
Figure 6.12: Variable pre-strain shape functions.
6.4.2.1 Axial gradient
The influence of applying the same non-constant pre-strain to each helix is investigated with re-
gards to its effect on both the response space and geometry of the datum lattice. The investigation
proceeds by recreating the behaviour seen in Section 6.4.1, but using the proposed non-constant
shape functions shown in Figure 6.12. The state of pre-strain is chosen to reflect the signage of
the induced strain as the lattice deforms, from its bending dominated coiled configuration to its
torsion dominated extended configuration. The datum lattice, with zero-strain in its reference
configuration, generates a negative curvature but a positive torsion upon axial extension. There-
fore, the combination of positive pre-twist and negative pre-curvature is investigated and referred
to herein as a complementary state of pre-strain. The influence the complementary pre-strain for
Φ1 for both pre-curvature and pre-twist for a variety of ply angles is demonstrated in Figure 6.13.
Analogously, the influence of such a complementary pre-strain for Φ2 for both pre-curvature and
pre-twist for a variety of ply angles is demonstrated in Figure 6.14.
The behaviour of the datum lattice under a complementary pre-strain with a ply angle
of θ = 30° is shown in Figures 6.15 and 6.16 for shape functions Φ1 and Φ2, respectively. For
instances where bi-stability has been observed, the two stable configuration are also shown.
Radial profiles of a lattice’s second stable configuration for both the linear and trigonometric
strain are shown in Figure 6.19.
6.4.2.2 Circumferential gradient
The influence of applying different non-constant pre-strain to each helix is investigated with
regards to its effect on both the response space and geometry of the datum lattice. The helices
exhibit a rotational symmetry around a common lattice axis, indicated in Figures 6.1 and 6.3.
By introducing a phase shift into the pre-strain, such as that in Equation (6.2c), reflective of the
helices rotational position within the lattice, the pre-strain in each helix can be engineered to
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a ) κ1 =Φ1λ, κ3 =−Φ1λ, λ ∈ [0.01,0.05], θ = 20°. b ) κ1 =Φ1λ, κ3 =−Φ1λ, λ ∈ [0.01,0.08], θ = 40°.
c ) κ1 =Φ1λ, κ3 =−Φ1λ, λ ∈ [0.01,0.08], θ = 60°. d ) κ1 =Φ1λ, κ3 =−Φ1λ, λ ∈ [0.01,0.08], θ = 80°.
Figure 6.13: Response space for complementary linear pre-strain, Φ1, for various pre-strain
magnitudes λ and fibre angles, θ. The laminated helices comprising the lattice have a stacking
sequence of [θ2/0/θ2]. Stable equilibria and limit points are shown as green and red markers,
respectively.
superimpose. As a result, the pre-strain acts uniformly over the length of the lattice but variably
over its cross section, indicated as the rθ-plane in Figure 6.1. The shape function, Φ3, has been
designed to induce maximal pre-strain at opposing sides of the lattice cross section, i.e. peak
curvatures and torsion occur every time a helix crosses the xy-plane.
For a helix exhibiting two full turns, such as that described in Section 6.1, the resulting
pre-strain profile is shown in Figure 6.12. The influence of such a complementary pre-strain, Φ3,
for both pre-curvature and pre-twist for a variety of ply angles is demonstrated in Figure 6.20.
A selection of cross sections and the resulting eccentricity of the lattice at full extension for a
variety of λ, are presented in Figure 6.21.
6.4.3 Discussion
The nonlinear response space for cylindrical lattices with constant pre-strain changes significantly
with regards to the pre-strain magnitude λ, as shown in Figure 6.11. Whilst the pre-strain can
significantly influence the response space the same cannot be said about the assumed cylindrical
kinematics; the initially cylindrical datum lattice remains cylindrical under constant levels of
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a ) κ1 =Φ2λ, κ3 =−Φ2λ, λ ∈ [0.01,0.05], θ = 20°. b ) κ1 =Φ2λ, κ3 =−Φ2λ, λ ∈ [0.01,0.08], θ = 40°.
c ) κ1 =Φ2λ, κ3 =−Φ2λ, λ ∈ [0.01,0.08], θ = 60°. d ) κ1 =Φ2λ, κ3 =−Φ2λ, λ ∈ [0.01,0.08], θ = 80°.
Figure 6.14: Response space for complementary trigonometric pre-strain, Φ2, for various pre-
strain magnitudes λ and fibre angles, θ. The laminated helices comprising the lattice have a
stacking sequence of [θ2/0/θ2]. Stable equilibria and limit points are shown as green and red
markers, respectively.
pre-strain even when it is not restricted to do so. The lattice was observed to exhibit a variety
of nonlinear responses, and in some cases snap-through phenomena, as shown in Figures 6.11c
and 6.11d. For specific cases of zero pre-twist and negative pre-curvature (with regards to the
reference configuration), bi-stability was observed in Figure 6.11d.
The desirable nonlinear behaviours observed in Figure 6.11 often occur for large |λ|. However,
it was observed that at such high levels of pre-strain, the analysis become numerically unstable
as the lattice inverts the sign of its torsion and folds back onto itself. In reality, the presence of
contact forces would prevent such self-intersection from occurring. The variety of behaviours
observed in Figure 6.11 represent only a subset of the design space exhibiting desirable behaviours
and physically plausible pre-strains. These lattice structures possess numerous design variables
available for elastic tailoring. The examples presented herein, demonstrate the influence on the
response space of varying only two such variables; λ and θ. However, greater control may be
exerted and additional exploitable behaviour emerge, should additional design variables become
available for tuning.
The response spaces for the datum lattice with complementary linear pre-strain, Φ1, are
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a Response space. b λ= 0.07. c λ= 0.08.
Figure 6.15: (a) Response space for a lattice with linear pre-strain such that κ1 =λΦ1 and κ3 =
−λΦ1 for λ ∈ [0.01,0.08]. The ply angle is constant at θ = 30°. The laminated helices comprising
the lattice have a stacking sequence of [θ2/0/θ2]. Stable equilibria and limit points are shown
as green and red markers, respectively. (b) Two stable lattice configurations for λ= 0.07, initial
(blue) and L1 (red), shown in the yz-plane. (c) Two stable lattice configurations for λ= 0.08, initial
(blue) and L2 (red), shown in the yz-plane.
shown in Figure 6.13. Significantly different response behaviour is observed compared to constant
levels of pre-strain, shown in Figure 6.11. For all of the lattices demonstrated here, the pre-strain
results in a variable radius both at the beginning and end of step 2, as detailed in Section 6.4. The
resulting lattices of variable radius subsequently violate the assumption of cylindrical kinematics
previously employed. Capturing such behaviour is beyond the capability of previous modelling
approaches. For ply angles, such as those in Figures 6.13c and 6.13d, λ is shown to be able to
tune the location of the equilibria of the monostable response and the radial profile of the lattice.
In the presence of a linear strain profile, limit points emerge in the response space for certain
ply angles, as shown in Figures 6.13a and 6.13b. The presence of limit points for θ = 40° and the
response curve crossing the zero load line for θ = 20°, warranted investigation of the behaviour
at θ = 30°. The response space for θ = 30° is shown in Figure 6.15, where, many monostable
nonlinear lattices of variable radius are observed. The resulting radial profiles when at the
extension limit, d= 700mm, can be seen in Figure 6.17. In addition to the monostable lattices
of variable radius, two bi-stable lattices were also observed in Figure 6.15. Second equilibria
were observed internally L1, and on the boundary L2, for λ= 0.07 and λ= 0.08, respectively. The
radial profiles for these secondary equilibria are shown in Figure 6.19.
The response spaces for the datum lattice with complementary trigonometric pre-strain, Φ2,
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a Response space. b λ= 0.07. c λ= 0.08.
Figure 6.16: (a) Response space for a lattice with trigonometric pre-strain such that κ1 = λΦ2
and κ3 = −λΦ2 for λ ∈ [0.01,0.08]. The ply angle is constant at θ = 30°. The laminated helices
comprising the lattice have a stacking sequence of [θ2/0/θ2]. Stable equilibria and limit points are
shown as green and red markers, respectively. (b) Two stable lattice configurations for λ= 0.07,
initial (blue) and T1 (red), shown in the yz-plane. (c) Two stable lattice configurations for λ= 0.08,
initial (blue) and T2 (red), shown in the yz-plane.
are shown in Figure 6.14. Comparison with the response space for equivalent pre-strain using Φ1,
shown in Figure 6.13 reveal almost identical response behaviour. For θ > 40°, λ was again shown
to influence the location of the equilibria for the monostable nonlinear lattice. Again, the presence
of limit points for θ = 40° and secondary stable equilibria for θ = 20°, warranted investigation of
the behaviour at θ = 30°. The response space for θ = 30° can be seen in Figure 6.16, where many
monostable nonlinear lattices of variable radius can be observed, the resulting radial profiles at
the extension limit, d= 700mm, can be seen in Figure 6.18. In addition to monostable lattices of
variable radius, two bi-stable lattices were also observed in Figure 6.16. The second equilibria
were observed internally T1, and on the boundary T2, for λ= 0.07 and λ= 0.08, respectively. The
radial profiles for these secondary equilibria are shown in Figure 6.19.
The influence of the choice of shape function on the response space can be seen from compari-
son of Figure 6.15 and Figure 6.16. Almost identical behaviour is observed, especially regarding
the presence of exploitable nonlinear features such as limit points and bi-stability. However, the
influence of the choice of shape function on the radial profile, seen by comparing Figure 6.17 and
Figure 6.18, is more evident. The most notable feature is the trigonometric pre-strain exhibiting
an almost trigonometric radial profile, whilst the linear pre-strain does not exhibit a linear radial
profile. Much of this deviation for the linear profile can be attributed the the pinned-pinned
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Figure 6.17: Radius for a lattice with linear pre-strain such that κ1 = λΦ1 and κ3 = −λΦ1 for
λ ∈ [0.01,0.08] at the extension limit d= 700 mm. The ply angle is constant at θ = 30°. The
laminated helices comprising the lattice have a stacking sequence of [θ2/0/θ2].
boundary condition restricting the lattice from rotating at its extremities. The magnitude of
the lattice radii to deviate from the cylindrical case is greater in the presence of trigonometric
pre-strain, where a larger radius is observed at the root and a smaller radius at the tip for the
same λ when compared to the linear case.
It was observed in Figure 6.15 and Figure 6.16 that bi-stable lattices of variable radius
exist. Radial profiles for the secondary stable configurations L1, L2, T1 and T2 in Figures 6.15
and 6.16 are shown in Figure 6.19. As we saw for profiles at the extension limit, the trigonometric
pre-strain exhibits a greater variation of radius than the linear case for the same λ. The smooth
nature of the pre-strain is reflected in the radial profile, exhibiting zero gradient at the boundary.
The absolute value of the radius at the lattice extremities and the radial profile in these secondary
stable regimes is of particular importance with regards to the design of bi-stable nozzles.
The proposed shape functions demonstrate an influence on the geometry of the lattice allowing
its radial profile, radius magnitude and stable extension length to be tuned. The presence of bi-
stability along with variable pre-strain is particularly attractive for morphing applications where
the length and area ratio between the extremities varies between stable equilibria. However, the
need to fix certain geometric design variables when performing parametric studies with FEA,
exposes an extremely limited region of bi-stable variable radius lattices within the design space.
Although the examples here demonstrate the influence of tuning a single variable, in reality we
would exploit the ability to tune pre-strain, stiffness and geometry in parallel, driving the system
towards exhibiting desirable behaviour.
For high magnitudes of pre-strain the system undergoes coiling, an inversion process where
145
CHAPTER 6. INITIALLY CYLINDRICAL LATTICES
Figure 6.18: Radius for a lattice with trigonometric pre-strain such that κ1 =λΦ2 and κ3 =−λΦ2
for λ ∈ [0.01,0.08] at the extension limit d= 700 mm. The ply angle is constant at θ = 30°. The
laminated helices comprising the lattice have a stacking sequence of [θ2/0/θ2].
the torsion in the rods changes sign. In reality such behaviours would be inhibited by the presence
of friction and contact. Therefore, in cases where such behaviour has occurred, the response
space is not reflective of reality. Such behaviour often only persists for the initial portion of the
displacement step, where, sufficient extension has been reached to unfold the lattice back from
itself. It is noted however, that at such a stage, the lattice buckles, and a step change in the
response space is observed. Giving a clear indication of viable regions within the response space.
Application of the periodic pre-strain to the datum lattice, again, offered little control with
regards to manipulating the response space. For equivalent λ, similar trends are observable
between Figures 6.13, 6.14 and 6.20, including snap-through and bi-stability. Numerical issues
encountered for Φ1 and Φ2, with high |λ| for a variety of ply angles were not encountered when
investigating Φ3, with the notable exception of θ = 20°. Therefore, a significantly higher range
of λ can be seen in Figure 6.20. The increased numerical stability and absence of the inversion
behaviour suggests that such a pre-strain aids structural stability. A number of secondary
equilibria were observed at the extension limit for θ = 20° and λ>> 0. The resulting elliptical
cross-sectional profiles and their eccentricity can be seen in Figure 6.21. The deviations in the
cross section for these cases appears to be more restrictive than those of the radial gradient,
suggesting other methods such as variable initial geometry may be a more effective driver for
cross section tailoring.
Prior to axial extension, the lattice cross section has greater eccentricity; during extension the
lattice kinematics act to reduce its eccentricity, as shown in Figure 6.21. Demonstrating an ability
to use variable pre-strain between the helices to drive a cross-sectional change. The resulting
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Figure 6.19: Radius variation between linear and trigonometric pre-strain for λ = 0.07 and
λ= 0.08 in the stable non-reference configuration. The laminated helices comprising the lattice
have a stacking sequence of [θ2/0/θ2].
elliptical cross section reveal the shape function influences the cross section as intended, where
maximal areas of curvature occur on the yz-plane. By designing the location of the extrema in
the pre-strain with regards to the location in the rθ-plane, the initially cylindrical cross section
can be manipulated. Such behaviour could be expanded to drive the lattice into more generic
shapes, with more directly useful engineering applications, further discussion of this topic is
presented in Section 7.3.
Two important features have been demonstrated as a result of the presented examples. Firstly,
the kinematics that underpin the cylindrical lattice are also present in alternative geometries,
albeit without uniform behaviour. Secondly, sufficient variation of the bending and twisting
behaviours in these new regimes allows tailoring of the response space and geometry. The
observed spatial variation in lattice geometry, as a result of variable pre-strain, significantly
expands the lattice’s applicability and design space.
6.5 Cylindrical lattice systems
In this section, we revisit the hierarchical lattice systems presented in Chapter 3, comprising
multiple cylindrical lattices arranged in parallel. By employing a kinematic framework which
only allows the individual helices to bend and twist, a non-dimensional description of the lattice
system’s potential energy under axial extension was developed. Here, the bespoke system designs
proposed in Section 3.8 are reproduced using the finite element scheme presented in Chapter 5.
The finite element description, in contrast to the non-dimensional analytical description, allows
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a ) κ1 =Φ3λ, κ3 =−Φ3λ, λ ∈ [0.02,0.08], θ = 20°. b ) κ1 =Φ3λ, κ3 =−Φ3λ, λ ∈ [0.02,0.2], θ = 40°.
c ) κ1 =Φ3λ, κ3 =−Φ3λ, λ ∈ [0.02,0.2], θ = 60°. d ) κ1 =Φ3λ, κ3 =−Φ3λ, λ ∈ [0.02,0.2], θ = 80°.
Figure 6.20: Response space for complementary periodic pre-strain, Φ3, for various pre-strain
magnitudes λ and fibre angles, θ. The laminated helices comprising the lattice have a stacking
sequence of [θ2/0/θ2]. Stable equilibria and limit points are shown as green and red markers,
respectively.
the individual helices to extend, shear, bend and twist.
As of yet, little attention has been given to verify the accuracy—either experimentally or
numerically—of the modelling approach developed in Chapter 3, or that of the framework
proposed in Chapter 5, for modelling the lattice structures of interest in this thesis. Therefore,
we address this shortfall by recreating the same designs in the two frameworks, allowing for a
comparative study.
6.5.1 Recovery of dimensional parameters
Before we proceed, it is important to highlight one of the salient benefits of the analytical
description presented in Chapter 3, and subsequently exploited herein. We have already seen in
Chapter 2 that nonlinear FEA can be a laborious and time-consuming process, especially when
parametric studies are involved. Such issues can be mitigated if compact analytical descriptions
are available, such as that presented in Chapter 3. However, herein, the desire is to use FEA.
Accordingly, efforts are required to reduce the modelling overhead and overall runtime. In this
section, we do not need to perform parametric studies, the design points of interest have already
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Figure 6.21: Cross section and eccentricity for a lattice with different trigonometric pre-strain
applied to each helix. Such that κ1 =λΦ3 and κ3 =−λΦ3 for λ ∈ [0.01,0.18] at the extension limit
d= 700 mm. The ply angle is constant at θ = 30°. The laminated helices comprising the lattice
have a stacking sequence of [θ2/0/θ2].
been presented in Section 3.8. However, if we were to proceed with the proposed geometric
variables, whilst employing the two-element per unit cell wall discretisation used in Section 6.1,
the resulting systems would contain a significant amount of DoFs, and thus exhibit extremely
unfavourable runtimes. For example, the simple two-lattice system presented in Section 3.8.2,
would contain ∼ 106 DoFs.
We can address this limitation of the FEA framework by exploiting the multiplicity of the
analytical solution space, as discussed in Section 3.8. The geometric variables l, N and M
can be reformulated—subject to new restrictions—to produce a system with the same non-
dimensional response behaviour, but with less unit cells, which, in turn, requires less DoFs in the
FEA. Therefore, to minimise runtime, the geometric variables are reformulated subject to the
restrictions
36N, M6 10, (6.3a)
506 l6 150, (6.3b)
where the limits on l remain unchanged, but are reproduced here for readability.
Table 6.1: Geometric and material parameters for the two-lattice bi-stable system proposed
in Section 3.8.2, subject to the revised geometric parameter constraints in Equation (6.3). The
FEA description of this system, as shown in Figure 6.22, contains ∼ 103 DoFs.
i l N M ψ δ̄+ δ̄− ε̄+ ε̄− ῡx+ ῡx− ῡxy+ ῡxy− ϕ̄ Υ
1 70.24 4 7 1.00 0.54 0.37 0.02 -0.60 -3.34 9.99 -5.81 -3.43 0.31 54.31
2 121.71 5 9 0.56 0.88 2.44 -0.94 1.56 -9.78 8.81 8.36 -3.72 4.00 21.60
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a Isometric. b xy-plane.
Figure 6.22: Finite element mesh of a concentric two-lattice system. Shown in (a) isometric
view and (b) the xy-plane. Lattices one and two are shown in red and blue, respectively. Nodal
locations are marked by solid dots. Material and geometric parameters for this system are given
in Table 6.1.
To recover the dimensional values from the non-dimensional parameters, we are required to
introduce a length scale by defining some geometry of the helices. Herein, further to the revised
restrictions proposed in Equation (6.3), we proceed assuming d11+ = d11−, and the width of each
helix w±, is determined according to
w+ = 1
ϕ̄
, and w−= 1, if ϕ̄< 1, (6.4a)
w+ = 1, and w− = ϕ̄, if ϕ̄> 1. (6.4b)
Subsequently, the stiffness term d11 can be recovered from Equation (3.17a) and the dimensional
values of D± from Equations (3.2) and (3.10b). The stiffness matrix is incorporated into the finite
element scheme in accordance with the method proposed in Section 5.6.2.
It is also important to acknowledge the simplified kinematic description in Chapter 3 com-
pared to Chapter 5. Namely, the description comprises a single bending and torsion energy and
thus the analysis only provides stiffness values for these deformation modes. Therefore, the
stiffness of the additional bending mode and all the membrane modes are not defined from the
analytical description. It is, however, possible to assume no flexural-membrane coupling i.e.,
B= 0, such as that arising from symmetric laminates. The additional bending stiffness D22, is
scaled according to the known bending stiffness D11, such that D22 = D11 ×102. The membrane
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Table 6.2: Geometric and material parameters for the six-lattice multi-stable system proposed
in Section 3.8.4, subject to the revised geometric parameter constraints in Equation (6.3). The
FEA description of this system contains ∼ 104 DoFs.
i l N M ψ δ̄+ δ̄− ε̄+ ε̄− ῡx+ ῡx− ῡxy+ ῡxy− ϕ̄ Υ
1 98.66 7 4 1.00 6.77 4.14 1.38 -1.56 -3.02 -0.01 1.07 -5.34 0.40 553.32
2 135.02 8 9 0.37 7.15 0.99 2.58 -0.75 -8.02 -3.77 -1.64 -5.04 3.53 8916.19
3 87.89 9 8 0.72 1.55 0.02 -1.00 0.13 -6.30 -2.58 6.81 -3.48 2.87 4088.55
4 76.62 7 6 0.86 0.14 5.65 -0.29 1.23 0.70 -1.11 -1.07 -1.21 0.25 7803.17
5 140.50 5 7 0.29 1.31 0.41 0.98 0.14 1.07 1.86 7.10 0.92 0.69 3422.46
6 136.80 6 4 0.62 0.06 0.03 0.24 -0.17 0.84 5.48 -2.17 1.97 3.97 7804.10
stiffness A, is defined as
A= I3 ×102q, (6.5)
where q is the single highest order of magnitude in D.
The derivatives of the strain energy presented in Chapter 3, given in Equation (3.21), were
taken with respect to the non-dimensional system extension H̄. Therefore, the reaction forces









where Ry is the residual (RHS of Equation (5.98)) projected onto the direction of interest, which,
in this case, corresponds to the lattice axis (cf. Figure 6.1), and L is maximum global extension of
the system.
6.5.2 Bespoke system design
The bespoke systems proposed in Sections 3.8.2 and 3.8.4, are reproduced within the finite
element framework presented in Chapter 5. The non-dimensional and revised dimensional
geometric variables—subject to Equation (6.3)—for examples two and four are presented in
Tables 6.1 and 6.2, respectively. The equivalent mesh of the two-lattice system designed in
Section 3.8.2, is shown in Figure 6.22. Where, although not necessary, the lattices have been
arranged concentrically.
The numerically and analytically predicted response behaviours for the two examples cases
can be seen in Figure 6.23. The response behaviours predicted by the two approaches show similar
trends for both examples, exhibiting the desired stability and response behaviours. The similarity
serves to verify the kinematic assumptions in Chapter 3, namely, the deformation mechanics are
dominated by the primary bending and torsion modes in these designs. They also serve to provide
confidence in the accuracy of the formulation and implementation of the finite element scheme
for describing the lattice’s behaviour. However, discrepancies do exist between the two models,
which, as reported in [131], are to be expected, where membrane effects were observed to become
significant at large extensions. This behaviour is also seen in Figure 6.23 at low extensions,
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a example two. b example four.
Figure 6.23: Response behaviour for (a) the two-lattice bi-stable system proposed in Section 3.8.2
and (b) the six-lattice multi-stable system proposed in Section 3.8.4. Response behaviour gen-
erated with the analytical model proposed in Chapter 3 is shown in green and the response
behaviour for the same lattice generated with the numerical model proposed in Chapter 5 is
shown in blue.
suggesting that in the presence of certain pre-strains, the low-extension configurations can
exhibit large strains and thus posses non-negligible membrane effects. It is anticipated that a
more systematic recovery of the additional bending and membrane stiffnesses than that proposed
in Section 6.5.1, will result in the two models exhibiting better agreement. Such discrepancies
further highlight the need to extend the framework in Chapter 3, to include transverse curvature
and membrane modes, analogous to [131], further discussion on this topic is given in Section 7.3.
6.6 Conclusions
A novel method was applied to analyse initially-cylindrical lattices to reveal the influence
of non-constant pre-strain. Through relaxation of the predefined cylindrical kinematics, an
initially cylindrical lattice is shown to be capable of exhibiting non-cylindrical geometry. Although
the proposed framework is capable of describing lattices exhibiting spatial variation of pre-
strain, stiffness and geometry, pre-strain alone was investigated as a means to induce non-
cylindrical geometry. The examples explicitly demonstrated the desirable characteristics which
make cylindrical lattices so appealing for elastic tailoring, are also available in other geometries.
Two non-constant profiles of pre-strain were investigated, a linear and smooth step change.
They revealed, that for a given magnitude, the different pre-strain profiles offered little tailoring
of the response space. However, they did exhibit the ability to tailor the geometry of the resulting
lattice; a novel design freedom unavailable with previous analysis approaches. By complementing
these novel design freedoms with elastic tailoring both the geometry and response space can be
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tuned for multifunctionality. The response space for these variable radius lattices exhibited a
variety of desirable nonlinear behaviours including snap-through and bi-stability. The presence of
a bi-stable lattice with variable radius is particularly attractive for morphing nozzle applications,
significantly expanding both the range of applicability and design space of nonlinear lattices.
The methods developed herein successfully demonstrated an ability to capture the non-
constant kinematics of non-cylindrical lattices. It is, however, unfortunate, that only a subset
of the design space was explored. The full extent of the additional functionality available with
regards to spatial variation of the other design variables is ready to be explored. Therefore, it is
important to recognise, the lattices presented here showcase only a small fraction of the capability
of the analysis suite. The relaxation of the cylindrical kinematics demonstrate additional ex-
ploitable behaviour exists even for the simplest case of a linear pre-strain. Having demonstrated
that spatially variable pre-strain can induce variation both around and along the lattice axis, it
would be beneficial to understand if, and if so, how, these capabilities can be combined.
The analysis restricted itself to initially cylindrical topologies, even though the framework
offers the capability to explore alternative initial topologies. The plethora of design variables in
nonlinear lattices includes, but is not limited to, spatial variation of stiffness and/or geometry.
Which of these avenues offer the most potential for enhanced functionality is discussed in
Section 7.3. The expanse of the design space and the abundance of nonlinear phenomena that
could arise in the presence of increased geometric complexity may warrant advanced solution











CONCLUSIONS AND FUTURE WORK
The technical developments presented herein are designed to embrace well-behaved nonlin-ear structural behaviour for enhanced functionality. Therefore, they serve to complementan already growing suite of behaviours and analysis techniques available to engineers
and researchers endeavouring to exploit nonlinear elasticity. The previous chapters demonstrated
that novel lattice structures can be envisaged and their desirable nonlinear behaviours exploited.
However, achieving subjugation sufficient for multifunctionality remains a complex and non-
trivial task. In this final chapter, conclusions are drawn to understand if, and if so, how, the
developments presented herein address the technical challenges identified in Chapter 1 necessary
to harness nonlinear elasticity. Initially, in Section 7.1, conclusions are drawn to ascertain the
successfulness of the research by understanding if it has appropriately addressed the gaps within
the current knowledge base identified in Section 2.4. Subsequently, in Section 7.2, a concise
and holistic summary of the novelty developed throughout the thesis is presented. Finally, in
Section 7.3, the discussion focuses on unanswered questions, including those posed prior to
commencing this study, and new ones which have arisen as a result of it. Furthermore, those
remaining questions are refined and augmented with the novel insights developed herein to
identify potentially profitable and illuminating avenues for extending the work.
7.1 Conclusions
The focus of this thesis was to investigate how multifunctionality can be achieved by exploiting
well-behaved nonlinear structural behaviour. This required not only identifying (or designing)
structures exhibiting desirable kinematics but also exhibiting sufficient control to exploit their
behaviour. An exceptional candidate offering sufficient levels of design variables and exhibiting
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desirable kinematics had already been established; the nonlinear lattice proposed by Pirrera et al.
[1]. It was postulated that increasing the strength and variety of the nonlinearity in the response
space will allow for enhanced functionality. Therefore, as stated in Chapter 1, this thesis sought
to expand their pioneering work on nonlinear lattice structures in accordance with the following
objective.
We seek (novel) lattice designs with sufficient kinematic freedoms to allow desirable robust
configuration change conducive for lightweight shape adaptation. At the same time, we endeav-
our to understand what (if any) relationships exist which allow systematic subjugation of the
observed nonlinear phenomena for cultivating multifunctionality, i.e. it is insufficient to simply
accommodate for nonlinear phenomena, we must strive to control it.
Within the broader context of the morphing community, authors developed a richness in
response behaviour by increasing the geometric complexity of their designs. They proposed
complex hierarchical assemblies of multi-stable base units to enhance the stability properties
and response complexity of their structures. Application of this observation to nonlinear lattices
formed the basis of the proposed research objectives. Firstly, enhanced stability behaviour
could be observed through hierarchical design of cylindrical lattice systems, this behaviour was
investigated in Chapter 3. Secondly, what (if any) alternative lattice topologies will expand the
range of applicability and enhance the functionality of nonlinear lattices? This behaviour was
investigated in Chapter 6.
Subsequently, the suitability of the analysis framework presented in [1], for the challenges of
interest in this thesis, was assessed. Conveniently, a system of hierarchical cylindrical lattices
could exploit the previous kinematic description, assuming they remained cylindrical. However,
investigating how additional lattice geometries may offer additional exploitable behaviour is
inherently beyond the capability of the original cylindrical description. Therefore, before paramet-
ric studies on the inherent elastic, kinematic and geometric variability of novel non-cylindrical
lattices could be performed, sufficiently robust analysis tools needed to be developed. One of
the key nuances associated with increasing the geometric complexity of non-cylindrical lattices
is the geometric compatibility between the lattice continua (helices) and its kinematics. The
constraining cylinder and the two-dimensional strips are both developable surfaces, allowing an
idealised geometric conformity between them forming the basis of the model proposed in [1]. By
allowing for arbitrary topologies the underlying lattice surface may no longer be developable,
thus inhibiting an inextensible mapping of the lattice continua onto the plane. Here, the focus
is on investigating the influence of topology, geometries associated with which may or may
not be developable. Therefore, the helices are assumed to behave as one-dimensional continua,




The quest to achieve multifunctionality through exploitation of increasing geometric complexity
led to the investigation of cylindrical lattice systems. Here, increased geometric complexity
manifested itself as hierarchical assemblies, where, multiple cylindrical lattices were arranged in
parallel, possessing a single common extension. These synergistic assemblies exhibited a rich
and diverse catalogue of robust nonlinear behaviour, where, increasingly complex responses were
accommodated by increasing the number of lattices in a given system. The compact energetic
description was demonstrated to be invariant with respect to the system’s geometric complexity.
Thus, the description itself is also invariant with respect to the response complexity, a salient
feature of the analysis. This invariance is in direct contrast with the numerical methods currently
favoured in the literature, where, due to its geometric versatility, the engineering community
relies heavily on FEA. However, as geometric complexity increases, so do detrimental factors
such as modelling effort, DoFs and run-time. With the need to rapidly navigate and analyse the
design spaces of not one but many of these complex systems, such issues are only exacerbated.
Therefore, the ease in which both material and geometric parameters can be manipulated allows
for a fast and intuitive exploration of the design space at a scale that would be impractical with
the tools previously available, both academically and commercially.
In addition to presenting a structural hierarchy capable of exhibiting a plethora of increasingly
complex, robust, nonlinear behaviour, a previously undocumented step change in the subjuga-
tion capability of such behaviour was also demonstrated. An algorithm was developed which
systematically prescribed nonlinear behaviours of increasing complexity such as snap-through
and multi-stability. The approach presented a novel facet in elastic tailoring, where the response
space was treated as a design input to be specified a priori, as opposed to (hoping and) searching
for desirable behaviour a posteriori. By relaxing constraints on system parameters and exerting
tighter control on the response behaviour, greater control was exhibited where it was needed,
an invaluable feature in nonlinear elastic design, where performance is often assessed via the
response space. The approach directly expanded both the structural and analytical capability
of the morphing community, acting to supplement the tools already available for engineering
nonlinearity. With specific reference to the research objective, the hierarchical design addressed
not only a gap within the community but offered a sufficient level of technological development to
provide invaluable tools, perspective and confidence to help advocate how and why structural
nonlinearity can be robustly exploited to enhance functionality.
The system definition inherently accommodated for non-uniqueness in the solution space,
a behaviour typically seen as unfavourable in structural mechanics, where uniqueness in the
system definition often underpins the solution algorithm. In a contradictory fashion, the proposed
analysis specifies response behaviour as an input and system parameters are sought as the
output. When structural analysis is performed in this manner, the non-uniqueness in the solution
space becomes advantageous. One way non-uniqueness was introduced, was through defining a
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family of valid responses, matching a target behaviour to within a user specified tolerance. By
viewing desirable structural behaviour in this manner, the solution space is significantly and
viably expanded, as we often seek desirable features in the response space (to within a tolerance)
such as those identified in Figure 1.2, rather than exact behaviours (with zero tolerance). It
is hoped that such a relaxed perspective may be applicable to other system definitions, where
non-uniqueness in the solution space can be exploited rather than avoided. The multiplicity of
the solution space is particularly useful with regards to elastic tailoring, where, designs can be
tailored to application specific requirements, e.g. using standardised parts and/or limitations on
available material systems and tooling.
The cornerstone of the approach sacrificed geometric simplicity for response complexity,
furnishing an intuitive relationship between the desired response behaviour and the system’s
material and geometric parameters. The hierarchical system design permitted many insight-
ful and advantageous analysis features, yet, the physical practicalities of such an assembly
were not addressed. The system is inherently complex by design; its base unit, the cylindrical
lattice is also a hierarchical system, with helices as its base unit. Such embedded complexity
dramatically increases both manufacturing and assembly requirements, which, regardless of
analysis capability, inhibits practicality. In efforts to mitigate potential limitations, simpler
hierarchies should be envisaged, comprising fewer or simpler base-units, requiring less raw
material, incurring less cost, and thus increasing their industrial appeal. Noting that CLPT
is a convenient parametrisation of stiffness behaviour, analogous behaviours may be achieved
with other material systems and/or geometries. Therefore, increased geometric complexity may
act antagonistically towards greater acceptance of controllable engineered nonlinearity; it is
insufficient to say nonlinearity can be controlled, if the way in which these feats are achieved are
physically impractical, especially when competing with conventional design i.e. Figure 1.1. Thus,
having demonstrated it is possible to systematically engineer nonlinear behaviour by increasing
geometric complexity (in this hierarchical system), it is prudent to explore how we can preserve
the level of response complexity and subjugation capability with minimal geometric complexity.
7.1.2 Non-Cylindrical geometries
Investigating the potential for non-cylindrical lattice topologies exposed a deficiency in the
current modelling capability. Therefore, before a study on the influence of topology could be per-
formed a modelling framework was developed specifically designed to analyse lattice structures
with spatially variable stiffness, geometry and pre-strain. The first stage required develop-
ing a suitable parametrisation of the stiffness behaviour of laminated material architectures
suitable for one-dimensional continua, allowing for extension, shear, bending and torsion. The pro-
posed formulation determines membrane and bending stiffness as well as the coupling between
them, analogous to those determined from CLPT for two-dimensional continua. The generalised
framework accommodates for a variety of material architectures and geometries available to
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one-dimensional continua. Previously, CLPT has been employed to calculate stiffnesses for the
compatible deformation modes, this approach, however, overestimates stiffnesses and does not
allow for all the deformation modes available to one-dimensional continua. Thus, this developed
model extends the capability of the composites community to supplement the mature analysis
techniques for laminated plates to laminated rods.
Having established a suitable constitutive model, a kinematic framework used to describe the
elastic behaviour of the lattices’ one-dimensional constitutive parts was presented. A previously
established geometrically-exact formulation was extended to include the additional capability
offered by developed constitutive model. A connector element was also proposed, which allowed
for the single relative rotational degree of freedom necessary to capture the lattice kinematics.
The development of this bespoke tool kit allowed for parametric studies of both geometric and
elastic variables to be performed without the need for remeshing. If such a study were to be
performed in a commercial setting, such as Abaqus, numerous remeshing procedures would be
required to accommodate for varying the pre-strain. A quaternion parametrisation was used
for the rotation field, providing a succinct formulation of the behaviour of the rods. Although
this parametrisation is favoured within the graphics community, is not widely used within the
engineering community. Therefore, integration of this framework with other continua formula-
tions will require appropriately handling the differing DoFs, as the axis-angle parametrisation is
typically favoured within the solid mechanics community.
The developed framework was initially used to reproduce known cylindrical lattice behaviour,
providing confidence in its ability to describe nonlinear phenomena. The influence of constant pre-
strain on the response space was demonstrated and shown to induce bi-stability. A suitable datum
lattice was proposed, upon which the effect of introducing variable pre-strain was investigated.
The deformed geometry of the lattice was tailored by designing a range of bespoke pre-strains.
Upon achieving a suitable variation of the lattice geometry, the ability to tailor its equilibrium
manifold was explored. In an analogous fashion to cylindrical geometries, the ability to tune the
equilibria of non-cylindrical geometries was demonstrated. Non-constant pre-strain was exploited
to drive non-cylindrical deformation surfaces and thus provide additional exploitable behaviour.
Whilst the magnitude of pre-strain could control the geometry (with both variable radius and
elliptical cross sections explored), the anisotropy of the helices could to be tuned to tailor the
response space; allowing for geometric and elastic tailoring. This behaviour is particularly useful
with regards to morphing nozzle applications, where the different configurations in the stable
equilibria offer different compression ratios.
The increased complexity arising from non-cylindrical topologies requires utilising the geomet-
ric versatility of FEA. Accordingly, the parametric studies presented herein (rather optimistically)
searched the design space for desirable behaviours as opposed to prescribing them. A stark
contrast to the capability developed for the hierarchical lattice system presented in Chapter 3.
However, as was observed when cylindrical lattices were first introduced by Pirrera et al. [1],
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the potential for enhanced functionality offered by non-cylindrical geometries has now been
established. Therefore, as more of the available variability and design space is explored, it is
anticipated that the subjugation capability of such non-cylindrical latices will mature. This study
focused on demonstrating previously undocumented kinematics could be achieved by exploiting
spatial variation in pre-strain. Accordingly, this thesis has expanded the tools available to the
morphing community by demonstrating novel mechanisms and structural geometries available
for lightweight shape adaption.
7.2 Developed novelty
In this section, a holistic and concise summary of the novelty developed within this thesis is
presented. Firstly, the developments presented in Chapter 3 allow for repeatable nonlinear elastic
behaviour to be viewed as a prescribed, rather than observed, phenomena. Not only can the
extensional response behaviour of hierarchical lattice systems be prescribed in a systematic
manner, the strength of the prescribable nonlinearities exceeds those previously reported in the
literature. Specifically, previously comparable efforts were only able to numerically optimise for
monostable (super-elastic) response behaviours, such as that shown in Section 3.8.1. Whereas,
the developed algorithm, can trivially prescribe multi-stable response behaviours—exhibiting
an arbitrarily large number of stable states and snap-through loads—for a variety of material
systems and length scales. Furthermore, the compact analytical description allows such systems
to be designed at a significantly reduced, and thus far more favourable computational expense
than previously available. These developments culminate to provide researchers with the ability
to explore and expand the design space of hierarchical cylindrical lattice systems, at a scale that
would otherwise be impractical with existing technologies.
Pertaining to developments associated with modelling nonlinear structural behaviour, numer-
ically; Chapter 5 extends the Cosserat description of elastic rods to include material architec-
tures exhibiting membrane-bending coupling. Previous descriptions employing the quaternion
parametrisation of the rotation field were limited to architectures without such coupling. There-
fore, the constitutive model presented in Chapter 4, in conjunction with the finite element scheme
proposed in Chapter 5, allows the behaviour of a variety of one-dimensional structural forms
with non-homogeneous material architectures to be suitably described. Such one-dimensional
continua, can, in-turn, be used as the helical base units comprising a lattice structure. Therefore,
these developments allow the lattice structures of interest in this thesis—cylindrical or not—
to be modelled with one-dimensional finite elements. Previous FEA efforts have modelled the
helices as laminated shells, using two-dimensional finite elements to describe their behaviour.
Therefore, the reduce-order modelling framework proposed herein, permits quicker exploration




The numerical framework not only allows for reduced-order FEA, it also permits an explo-
ration of the individual helices’ pre-strain, in a manner beyond the scope of existing commercial
software. The enhanced modelling capability allows for a deeper probing of the cylindrical lattice’s
design space than previously reported. Such an exploration, when coupled with a geometrically
unconstrained description of the lattice’s continua, such as that proposed in Chapters 4 and 5,
reveals additional exploitable behaviours can emerge. Specifically, under certain non-constant
pre-strains, previously undocumented multi-stable non-cylindrical lattice designs were observed.
Describing these non-cylindrical designs is beyond the capability of the lattice models currently
reported in the literature, which assume a state of constant pre-strain and an idealised cylindrical
deformation surface. Such limitations would be further exacerbated, if shell elements were used,
as they would be unable to accurately describe the helices’ transverse curvature when in these
non-cylindrical regimes. Therefore, the enhanced functionality arising from such geometrically-
complex non-cylindrical lattice designs, would not have been possible to explore at the time of
writing, without the framework proposed herein.
7.3 Future work
The work packages presented in this thesis are a direct result of identifying the cylindrical lattice
as an exceptional candidate for elastic tailoring of well-behaved nonlinear structures. Accordingly,
this thesis expands the response and design space of nonlinear lattice structures. In this section,
based on the insight gained from the technical work presented in previous chapters, a reflective
account is presented on what questions from Chapters 1 and 2 still remain unanswered, and
what new questions have arisen as a result of the work presented herein. The following section
presents the author’s subjective opinion on some of the more suitable avenues of further work
which best serve to develop the technology in accordance with the original objectives.
7.3.1 Hierarchical design
7.3.1.1 Lattice systems with radial connections
In efforts to minimise unnecessary geometric complexity we want to understand if simpler
components could be utilised to develop response complexity. One avenue is through additionally
coupling the concentric lattice arrangement via (linear) elastic radial connections. These simpler
components would posses an irrational dependence of the radii of the connected lattices, which,
would again, provide additional nonlinear terms into the response space. The validity of such a
modification is based on the kinematic restriction of unit cells to exhibit equal side lengths. Such
a restriction results in lattices that do not twist under extension. Therefore, under the correct
parameters, the system should exhibit increasingly complex responses with the addition of each
radial connection. However, it is anticipated that the increase in response complexity will not
be equivalent between the addition of a unique lattice and a radial connector. The difference
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in simplicity between a cylindrical lattice and a linear elastic connector, however, is extremely
favourable from a manufacturing perspective.
7.3.1.2 Experimental validation and robustness within the design space
A key feature of the analysis was the multiplicity of the solution space, providing confidence that
the proposed solutions were physically plausible. Extending this confidence requires determining
if the resulting solution points are manufacturable. Therefore, the robustness of the solution
space needs to be assessed, i.e. are the proposed designs achievable with existing manufacturing
technology and, if so, how sensitive are they to manufacturing variability. Due to the complex
nature of the system, small manufacturing variations may produce significant changes in the
overall system behaviour. In efforts to alleviate some of these concerns, parameter bounds were
judged to preserve the cylindrical kinematics. However, a systematic understanding of how
and where these ranges could be tightened or relaxed would reveal which parameters are more
influential at driving desirable behaviours. This information can be used to identify where stricter
manufacturing tolerances are required. Subsequently, an understanding of robustness within
the solution space will allow the system to be tuned to exhibit selectively reduced sensitivity e.g.
minimising sensitivity of fibre angle, bend-twist coupling, cell wall length, pre-curvature, etc.
Following such a study, which would establish where robust designs exist within the solution
space, enough confidence would have been developed to work towards building an experimen-
tal demonstrator. Due to the elevated amount of geometric complexity in the system, such a
precursory study is extremely advisable.
7.3.1.3 Twisting lattice systems
The system possesses a common extension, thus the proposed algorithm tailored one-dimensional
extensional behaviour. Although omitted within the current framework, it has been demonstrated
that unit cells with non-equal side lengths shear under extension, for cylindrical geometries this
results in lattices that twist as they extend [1, 64]. Therefore, in efforts to expand the range
of tailorable deformation modes beyond pure extension, systems comprising lattices exhibiting
extension-twist coupling should be investigated. Accommodating such behaviour would require
appropriate assembly topologies that share a common axis, such as that of the concentric lattice
system. However, in order for such a system to exhibit a common rotation, the lattices would
need to have both a common extension and twist, such a compatibility may be over-constraining
in terms of demonstrating sufficient geometric variation to develop the polynomial basis. It
may, however, be possible to accommodate a hybrid concentric system, containing both twisting
and non-twisting lattices. For a purely extensional system, the connector allowing for radial
expansion yet enforcing a common extension is a mechanically complex component. Therefore,
it is anticipated that issues relating to the design of such a mechanism will only increase when
accommodating for extension-twist behaviours.
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7.3.1.4 External fields and secondary deformation modes
The system description could readily be extended to include external field effects, including but
not limited to, thermal fields. Such an extension would allow tailoring of the thermo-mechanical
response space. However, unlike mechanical loading, thermal loading is at most quadratic in
its nonlinearity within the proposed framework; limiting its ability to be expanded to form a
polynomial basis as was performed for the mechanical loading in Chapter 3 [132]. Yet, coupling
the mechanical and thermal behaviour, would still allow for bespoke nonlinear responses to be
envisaged at different temperatures. The system could be designed to transition from mono- to bi-
to multi-stability at different ambient temperatures. In expanding the modelling framework to
include thermal effects, it would also be prudent to accommodate secondary deformation modes,
including transverse curvature and membrane behaviours. In addition to the coupling behaviours
that could arise between the bending and membrane modes. These additional deformation modes
(and their associated stiffnesses) would serve as additional design variables within the design
space, offering more freedom to the designer and potentially enhance the subjugation capability.
7.3.1.5 Increased spatial variation within a single lattice
Efforts to reduce the geometric complexity of the hierarchical design permits viewing the cylindri-
cal lattice as an assembly, as opposed a base unit, as was originally done in [1]. This initial work
only allowed geometric and elastic variation to exist between the helices of different handedness.
By allowing tailored layups for each helix, regardless of handedness, a richer response portfolio
may be observed, where, each strip contributes synergistically to the lattice hierarchy. Such an
approach would be able to employ the framework developed and geometric simplicity observed
in [1], whilst offering a richness in response comparable to that reported in Chapter 3.
7.3.2 Non-Cylindrical geometries
The existence of desirable and exploitable behaviours in alternative geometries can be expanded
in the same way the work presented herein extends the work on cylindrical lattices. Accordingly,
there are two facets to enhancing their functionality, one in developing a richness in response so
that the structures can exhibit a more diverse catalogue to nonlinear phenomena, and another
which facilitates exhibiting greater control over their behaviour. One way in which we may
develop response behaviour is through increasing the fidelity of the analysis framework. We have
already seen in Chapter 2, how authors augment their descriptions (of continua) with additional
deformation modes, field effects and solution algorithms, revealing richer equilibrium manifolds
that previously documented.
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7.3.2.1 High-Order shear and contact phenomena
The description of the one-dimensional continua is geometrically exact, making no assumptions
about the deformation kinematics apart from requiring plane sections to remain plane after
deformation. This assumption describes a cross section with a constant shear strain distribution,
which, although valid for a wide range of geometries, material architectures and loading regimes,
is not always the case. As with laminated plates and shells, low shear stiffnesses in both the
lamina and laminate, means shear behaviour needs to be suitably described. Therefore, the
fidelity of the framework could be increased by extending the description to include higher-order
shear behaviour and deformation modes, e.g. warping. Such behaviour would become increasingly
significant if bend-twist coupling were to be introduced from a geometric rather than elastic origin,
such would be the case from the arbitrary geometries and/or material architectures available to
one-dimensional continua, as detailed in Chapter 4. Another area where the modelling framework
could be enhanced, is in its omission of contact and self-intersection behaviour. These behaviours
have been shown to be fundamental at dictating the extension limits for lattice structures. As
we often seek large configuration change, close to, or on the extension limit, it is essential to
understand how contact forces influence these limits. Such that the behaviours we tune our
structures to exhibit, are within a physically plausible domain.
7.3.2.2 Parametric exploration of the thermo-mechanical design space
The proposed constitutive model describes the behaviour of laminated beams to mechanical
loading. The description can be extended to include additional (non-mechanical) loading regimes.
Thermal and piezoelectric fields being the natural choice due to their presence in the manufac-
turing process and proven suitability as an actuation mechanism, respectively. Inclusion of the
residual thermal effects from the manufacturing process act as additional design variables to be
exploited, akin to similar extensions proposed for the cylindrical lattices and systems. To allow
a more robust exploration of the design space, it would be prudent to implement appropriately
robust numerical analysis techniques capable of capturing and navigating the resulting (highly)
nonlinear equilibrium manifolds. These would include, but are not limited to, the continuation al-
gorithms discussed in Section 2.3.2. With the ANM being particularly suitable for capitalising on
the polynomial form of the virtual work statement arising from the quaternion parametrisation.
The capabilities of such algorithms, to parametrically explore and traverse nonlinear regions
within the design, make identifying islands of exploitability much easier. Such methods have
demonstrated an excellent capability of capturing thermo-mechanical behaviour and exploration
in parameter space, both desirable extensions to the framework presented herein.
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Figure 7.1: Deformation mechanics of an initially spherical lattice; top, under axial extension and
bottom; radial compression. Both regimes are incremented from left to right at 25% intervals.
Reproduced from [23].
7.3.2.3 Non-Cylindrical initial geometries
Although numerical descriptions have been successfully employed to describe the mechanics of
these complex topologies, the lattices under investigation have inherently been limited in terms of
their geometric variability. As demonstrated herein, some account can be made for investigating
design variation through parametric exploration. However, such a capability struggles to match
the (reduced) computational expense, additional auxillary insight and exploration capabilities
offered by bespoke analytical descriptions. The need to deviate from the compact analytical
description arose due the absence of a priori knowledge of the lattice’s kinematics for non-
cylindrical geometry. In efforts to recuperate the benefits accompanying analytical descriptions,
we want to glean information about the lattice kinematics from the numerical models. This
auxillary information may include assuming linear variation in the kinematics or geometry e.g.
eccentricity, radius, pitch angle, etc. If suitable identifications can be made at classifying the
behaviour of these novel lattice designs, e.g. deformation surfaces or strain profiles, they could be
used to underpin the kinematic assumptions in analytical descriptions. Naturally, it is anticipated
that difficulties in identifying such relationships, will scale with geometric complexity.
7.3.2.4 Functionally graded continua
This study focused on investigating if non-cylindrical geometries could exhibit exploitable be-
haviour, thus warranting a modelling framework capable of spatially variable behaviour. However,
there is still significant scope for variation in the cylindrical lattices themselves, that preserves
the cylindrical geometry, yet is beyond the scope of the original model. The framework presented
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herein, not only allows different stiffnesses to exist between the helices, spatially variable proper-
ties could also exist along each rod. In an analogous fashion to varying pre-strain, varying the
stiffness along the length of the rod acts to augmenting the stress resultant, a product of strain
and stiffness. Therefore, we should be able to manipulate any variable within the formulation of
the stress resultant (strain and stiffness) to spatially tailor to deformation geometry and response
space.
7.3.2.5 Suitability for space applications
A key feature of the nonlinear lattice structure’s multifunctionality, is its ability to robustly
change shape. We saw in Chapter 2, how aerodynamic control surfaces are a suitable application
for shape-adaptive structures. In assessing the suitability of a given morphing strategy, such as
the nonlinear lattice, for a specific purpose, the frequency of which shape adaptation is required
needs to be considered. One such application directly suitable for the lattices presented herein,
is deployable structures. Lattice structures have become an increasingly attractive technology
due to their low stowage volumes and large deployment ratios. In these applications, shape or
configuration change is an extremely low-cycle phenomena, typically occurring only once. Prior to
deployment, such a structure may experience prolonged or intense thermo-mechanical loading.
Such a loading regime may introduce creep or plastic deformation into the lattice, which, in turn,
may alter the pre-strain or stiffness. We saw in Chapter 6 how pre-strain shape and magnitude
can influence both the deformation geometry and response space. Therefore, to ensure their
suitability for deployable space structures, it is essential to understand how these structures
would behave in situ, after such a thermo-mechanical loading regime.
7.3.2.6 Ellipsoidal lattices
Identifying a deficiency within current commercial modelling software at the onset of thus
study, set in motion the need to develop the generalised modelling framework presented herein.
Therefore, more effort was placed on developing the model, than using it to explore the non-
cylindrical design space. Accordingly, the exploration of the expanded design space offered by
non-cylindrical topologies was limited and the full extent of additional topologies are still to be
explored. Each new design offers the potential for additional behaviour. One such design that has
been previously identified is the ellipsoidal lattice, as shown in Figure 7.1. Offering an ability
to open and close, such a design can be seen as a continuous analogy to the structure shown in
Figure 2.14. Work to investigate the viability of such a lattice was undertaken in the precursory
study [23], both numerically and experimentally. However, it was soon realised that the analysis
complexity associated with investigating pre-strain was at the limits of commercially available
software. Therefore, we would like to continue investigation of such a lattice topology employing




All of the work presented in this thesis was theoretical, with little to no experimental verification
performed. Therefore, if, and if so, how, these structures can be made, is yet to be investigated.
Accommodating for an arbitrary pre-strain is trivial within the current framework, yet manufac-
turing a helix to exhibit such a pre-strain may not be so trivial. Thus, the designs presented in
Chapter 6 were restricted to specific simplistic families of shape functions. The shape functions
were designed to both induce the necessary deformation in the datum lattice, and possess rel-
atively benign manufacturing requirements. Therefore, limitations on current manufacturing
technologies should serve as an upper limit on the complexity of the pre-strain field, in addition
to other factors such as kinematics and strength considerations that have not been considered in
this study. It is anticipated that the hinge coupling will require greater attention than previously
required. The framework presented herein demonstrated the coupling experiences potentially
non-trivial loading when the geometric complexity of the topology is increased. Such behaviour
was also observed during the attempts to manufacture an experimental demonstrator of the
lattice shown in Figure 7.1, where loading across the (additively manufactured) connector, caused
it to fail in a manner not observed for cylindrical lattices.
7.3.2.8 Towards the lattice wing
As stipulated in Chapter 3, inverse structural analysis, although useful, is a complex and non-
trivial endeavour. It would, however, provide useful to the wider engineering community, to
develop an analysis suite capable of identify the necessary pre-strain and geometries to design
a lattice with a given cross section. One proposed lattice design that is expected to be of direct
industrial interest, would be one possessing an aerofoil-like cross section. This is envisaged to
encompass a novel family of lattice designs that posses a discrete cusp. The planer projection
of the lattice (cf. Figure 3.1), rather than rolled up to form a cylinder, is folded over end-to-end
(without a crease), thus creating a cusp capable of capturing the discrete trailing edge. Therefore,
in an analogous fashion to the cylinder, the aerofoil lattice would exhibit a bijective map between
its chord and span. One avenue for designing and analysing such a structure is anticipated by
viewing it as a non-cylindrical hierarchy of partial cylindrical lattices i.e. cylindrical lattices are
employed to design non-cylindrical geometries. In the simplest example, the cross section can be
divided into three sections, a (near) semi-circular lattice for the leading edge and (almost) planar
lattices for the upper and lower tailing edges; the aerofoil is a hierarchy of three cylindrical
lattices, each occupying an arc from a different constraining cylinder. The kinematic restrictions
for such a system, may provide an analogous synergy for developing a richness in response as
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